RIGHT COIDEAL SUBALGEBRAS OF NICHOLS ALGEBRAS 
AND THE DUFLO ORDER ON THE WEYL GROUPOID 



I. HECKENBERGER AND H.-J. SCHNEIDER 

Abstract. We study graded right coideal subalgcbras of Nichols algebras of 
scmisimple Yetter-Drinfcld modules. Assuming that the Ycttcr-Drinfcld mod- 
ule admits all reflections and the Nichols algebra is decomposable, we construct 
an injective order preserving and order reflecting map between morphisms of 
the Weyl groupoid and graded right coideal subalgebras of the Nichols alge- 
bra. Here morphisms are ordered with respect to right Duflo order and right 
coideal subalgebras arc ordered with respect to inclusion. If the Weyl groupoid 
is finite, then we prove that the Nichols algebra is decomposable and the above 
map is bijective. In the special case of the Borel part of quantized enveloping 
algebras our result implies a conjecture of Kharchcnko. 



Introduction 

It is well-known that quantum groups do not have "enough" Hopf subalgebras. 
Instead the larger class of right (or left) coideal subalgebras should be studied. 
A right coideal subalgebra E C A of a Hopf algebra A with comultiplication A 
is a subalgebra of A with A{E) C E <g> A. 

1. Right coideal subalgebras of quantized enveloping algebras U—°. 

Let q be a semisimple complex Lie algebra, II a basis of its root system with 
respect to a fixed Cartan subalgebra, and U = U q (g) the quantized enveloping 
algebra of g in the sense of |Jan96l Ch. 4]. We assume that q is not a root of 
unity. Let U + and U° be the subalgebras of U generated by the sets {E a | a e 11} 
and {K m K~ l \ a e II}, respectively, and let U-° = U + U°. For any element w of 
the Weyl group W of g let £/ + [u;] C U + be the subspace defined in |Jan96j 8.24] 
in terms of root vectors constructed via Lusztig's automorphisms. We prove in 
Thm. 17.31 see also Cor. 16.131 the following: 

The map w h- > U + [w]U° defines an order preserving bijection between W and 
the set of all right coideal subalgebras of U-° containing U°, where right coideal 
subalgebras are ordered by inclusion and W is ordered by the Duflo order. If 
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Ei C E 2 are right coideal subalgebras ofU-° containing U°, then E 2 is free over 
Ei as a right module. 

Recall that if wi,w 2 are elements in W, then wi <d w 2 in the (right) Duflo 
order if and only if any reduced expression of wi can be extended to a reduced 
expression of w 2 beginning with Wi. 

In particular, the number of right coideal subalgebras of U-° containing U° is 
equal to the order of the Weyl group W. This last statement was conjectured by 
Kharchenko in [Kha09j for simple Lie algebras g. The conjecture was proven for 
g of type A n |KS08j . B n |Kha09j and G 2 |Pog09| by combinatorial calculations 
using Lyndon words. In these papers right coideal subalgebras are classified in 
terms of certain subsets of positive roots. 

The subspaces ?7 + [u>] C U + are familiar objects in quantum groups. Among 
others, they are used by Lusztig [Lus93j to establish a PBW basis for U + , by De 
Concini, Kac and Procesi [CKP95] to introduce quantum Schubert calculus, and 
are identified by Yakimov |Yak09] as quotients of quantized Bruhat cell translates 
|Jos95l IGorOOj . It was essentially well-known that U + [w] U° is a right coideal sub- 
algebra of U-°: proofs and indications in this direction can be found in [LS90j . 
|CKP951 2.2], [HP921 9.3], |A.TS94j . The arguments often use case by case con- 
siderations and reduction to the rank two case, and sometimes they work only 
in the /i-adic setting. The algebras £/ + [u;] are known to depend only on w and 
not on the chosen reduced expression of w, see e.g. |Lus93l 40.2.1] and |Jan96j 
8.21]. With our systematic approach to graded right coideal subalgebras we of- 
fer a new way to study U + without the usual case by case considerations, and 
intrinsically characterize the algebras £/ + [w;] and their ordering with respect to 
inclusion. With the necessary modifications, our results also apply to the small 
quantum groups of semisimple Lie algebras where q is a root of unity, and to 
multiparameter versions of U, see Cor. 16.171 and Rem. 17.41 

2. Right coideal subalgebras of Nichols algebras. The paper is written in 
the very general context of Nichols algebras B(M) of semisimple Yetter-Drinfeld 
modules M G ^yD, where H is an arbitrary Hopf algebra with bijective antipode. 
Nichols algebras, also called quantum symmetric algebras, see |Ros98| . appear as 
fundamental objects in the classification theory of Hopf algebras [AS981 IAS02[ 
IAS05] , in particular of Hopf algebras which are generated by group-like and skew- 
primitive elements. For example, in the setting of quantized enveloping algebras, 
M = ® a£U kE a is a Yetter-Drinfeld module over U°, and B(M) = U + . Finite- 
dimensional Nichols algebras of diagonal type are classified in |Hec09j . Recently, 
much progress in the understanding of finiteness properties of Nichols algebras of 
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nonabelian group type has been achieved, see e. g. [AFG V09b| IAFGV09aj . |HS08] 
and references therein. 

In rather general situations (if M admits all reflections, see Sect. [6]) one can 
associate a Weyl groupoid W(M) to M, see |AHS08] . [HS08j . In case of the 
Borel part of a quantized Kac-Moody algebra g, W(M) is essentially the Weyl 
group of g. Under the assumption that W(M) is finite, we prove in Cor. 16.131 
a PBW-theorem for the Nichols algebra B(M) and its right coideal subalgebras, 
where the subalgebra generated by a root vector in the quantum group case is 
replaced by the Nichols algebra of a finite-dimensional irreducible Yetter-Drinfeld 
module. As a consequence we can show that the real roots associated with W(M) 
satisfy the axioms of a root system in the sense of |HY08bj . see also |HS08] . In 
Thm. 16.141 we provide generalizations of results of Levendorskii and Soibelman 
[LS901 ILS91j on coproducts and commutators of root vectors. Our proofs are 
new even for U + , since they are free of case by case calculations, and do not use 
the braid relations for Lusztig's automorphisms. 

We note that a PBW-theorem for right coideal subalgebras of character Hopf 
algebras (where the braiding is diagonal) is obtained by Kharchenko in terms of 
Lyndon words, see [Kha08] . For Nichols algebras of diagonal type a PBW theorem 
in the spirit of Lusztig was proven by the first author and Yamane |HY08a| . 

The main results in this paper rely on the crucial coproduct formula in Thm. 14.21 
For quantum groups this formula amounts to an explicit computation of the 
braided coproduct of U + in the image of T a (U + ) as a subalgebra of U. Our for- 
mula has the advantage to involve only algebra maps, and hence it is well-suited 
to study coideal subalgebras. 

To provide more details, let £ N, let Mi, . . . , Mg be finite-dimensional irre- 
ducible objects in ^yi), and M = (Mi, . . . , Mg). The goal is to understand the 
Nichols algebra 

B(M) = B(Mi @---@Mg) 

as a Hopf algebra in the braided category ^yT> . Let Z 9 be the free abelian group 
of rank 9 with standard basis ai, . . . ,otg. The Nichols algebra B(M) is Z e -graded 
where deg(Mj) = a.{ for all 1 < i < 9. 

First we define reflection operators Ri, 1 < i < 9. Assume that for all j ^ i, 

ajf = - max{m | (ad M i ) m (M j ) ^ 0} < oo. 

Define a|f = 2. Then {a>ij)i,je{i,...,e} is a generalized Cartan matrix. Let sf 1 G 
Aut(Z e ) be the corresponding reflection. Define Ri(M)i = M* , and 

Ri(M)j = (adM i )~ a ^(M j ) for all j ^ i, 
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and let Ri(M) = (Ri(M) u . . .,R i (M) e ). Finally let Kf = B(M) coB ^ h \ where 
the coinvariant elements are defined with respect to the projection of B(M) onto 
B(Mi). By [AHS081 Thm. 3.12] there is an algebra isomorphism 

nf : K**#B(M*) -> B(Ri(M)) 

which is the identity on all Rj(M)j C Kf I #B(M*). By the coproduct formula 
in Thm. 14.21 Qf 4 becomes an isomorphism of Z e -graded braided Hopf algebras. 

In Prop. 17.11 we show that in the quantum group case the inverse of Vtf 1 can 
be identified with Lusztig's automorphism T ai restricted to U + . 

Assume that all iterations of the construction M h- > Rj(M) are well-defined. 
In |AHS08j . [HS081 Thm. 6.10] the Weyl groupoid W(M) of M is defined. The 
objects of W(M) are sequences of isomorphism classes [N] = ([Ni], . . . ,[Ng\) 
where the sequence of Yetter-Drinfeld modules (Ni, . . . , Ng) is obtained from M 
by iterating the operations Rj. The morphisms are generated by elementary 
reflections sf : Ri(N) -> N. Then our main result on right coideal subalgebras 
in the general case, see Thm. 16.151 and Cor. 16.171 says the following. 

Assume that the Weyl groupoid of M is finite. Then there exists an order pre- 
serving bijection x M between the set of morphisms ofW(M) with target [M] and 
the set ofNy-graded right coideal subalgebras of B(M)#H containing H, where 
right coideal subalgebras are ordered with respect to inclusion and the morphisms 
are ordered by the Duflo order. 

The map k m also exists for non-finite W(M), if we assume that B(M) is 
decomposable, see Def. 16.81 Then x M is always injective, order preserving and 
order reflecting by Thm. 16. 121 

Acknowledgement. The first author would like to thank S. Kolb for inter- 
esting discussions on coideal subalgebras of U q (g). 

1. Weyl groupoids and the Duflo order 

Recall the definition of the Weyl groupoid of a root system from [CH091 Sect. 2], 
see also |HS08t Sect. 5]. 

Let I be a non-empty finite set and (ociji^i the standard basis of Z 7 . Let X 
be a non-empty set, and for all % G / and X e X let : X — ► X be a map and 
A x = (afk)j,kei a generalized Cartan matrix. The quadruple 

C = C(I,X,( ri ) i£l ,(A x ) XeX ), 

is called a Cartan scheme if 
(CI) r? = id for all % e I, 
(C2) a* = alf X) for all X e X and i, j G /. 
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Let C = C(I, X, (ri)i e i, {A x ) x ^x) be a Cartan scheme. For all % G /, X G X 
define sf G Aut(Z') by 

sf(otj) = (Xj — af-ai for all j G I. 

Recall that a groupoid is a category where all morphisms are isomorphisms. 
The Weyl groupoid of C is the groupoid W(C) with Ob(W(C)) = X, where the 
morphisms are generated by all sf (considered as morphism in Hom(X, ri(X)) 
with i G /, X G X. Then s\^ X \f = idx in Hom(X, X). We will write Sj instead 
of sf if X is uniquely determined by the context. 

For any groupoid Q and any X G Ob(£?) let 

Hom(^,X)= U Hom(y, X) (disjoint union). 

Let C be a Cartan scheme and let X G Af. Following |Kac90l §5.1] we say that 

(1.1) A Xrc = {w(otj) | % G I,w E Hom(W(C),X)} 

is the set of rea/ roofo (of X), where w G Hom( W(C),X) is interpreted as an 
element in Aut(Z 7 ). A real root a G A Xrc is called positive, if a G Nq. The set 
of positive real roots is denoted by A Xre . 

Remark 1.1. Weyl groupoids associated to Nichols algebras satisfy additional 
properties which do not follow from the axioms of Cartan schemes, see Thm. 16.151 
For example, cf. [COTl Pf. of Thm. 6.1], let X = {X U X 2 ,X 3 }, I = {1,2}, 
ri(Xi) = X a (i), r 2 {Xi) = X T (j), where a = (1 2), r = (2 3). Let 



-32/' V -4 2 / ' V -4 2 

Then C(I, A', (rj) i6 /, (y4 x )xg^) is a Cartan scheme with finitely many real roots 

A Xirc ={±1, ±2, ±12, ±12 2 , ±12 3 , ±1 2 2 3 , 

± 1 3 2 4 , ±1 3 2 5 , ±1 4 2 5 , ±1 4 2 7 , ±1 5 2 7 , ±1 5 2 8 }, 

A x 2 rc = { ± i ; ±2, ±12, ±12 2 , ±12 3 , ±1 2 2 3 , 

± 12 4 , ±12 5 , ±1 2 2 5 , ±1 2 2 7 , ±1 3 2 7 , ±1 3 2 8 }, 

A X 3 re = { ±12 -1 ) ±1 5 ±2, ±12, ±1 2 2, ±12 2 , 

± 12 3 , ±1 2 2 3 , ±12 4 , ±1 3 2 4 , ±1 2 2 5 , ±1 3 2 5 }, 

where ka± ± la 2 is abbreviated by l fc 2' for all k, I G Z. Observe that A X3re 
contains the real root cki — a 2 , and hence C(I, X, (rj)j e /, (74 x )xe^) does not admit 
a root system in the sense of the following definition. 
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We say that 

n = nc (A x ) xex ) 

is a root system of type C if C = C(I, X, (r^jg/, (A x ) X ex) is a Cartan scheme and 
A x C Z 1 , where X E X, are subsets such that 

(Rl) A x = (A x n Nq) U -(A x n Nq) for all X e X, 

(R2) A x n Z«i = {a i7 -aj for all i E I, X E X, 

(R3) sf (A x ) = A r *W for aUie/,Ie 

(R4) (nrj) m u(X) = X for all i,j e I and X e X such that i ^ j and 



X n( \X 

'■j 



#(A X n (N «i + N aj)) is finite. 



If n{C, {A x )xex) is a root system of type C, then W(^) := W(C) is called 
the WeyZ groupoid of U. The elements of A^ := A x n Ng and Af := -A^ 
are called positive and negative roots, respectively. Note that (R3) implies that 
w(A Y ) = A x for all X,Y E X and w G Hom(F, X). 

Recall that a groupoid Q is connected, if for all 1,7 6 Ob(C?) the set Hom(Y, X) 
is non-empty. It is finite, if Hom(^) is finite. 

The following claim was proven in |CH09} Lemma 2.11]. 

Lemma 1.2. Let C be a Cartan scheme and 1Z a root system of type C. Assume 
that W(1Z) is connected. Then the following are equivalent. 

(1) A x is finite for at least one X E Ob(W(ft)). 

(2) A Xro is finite for at least one X E Ob(W(ft)). 

(3) Eom(W(TZ),X) is finite for at least one X E Ob{W(K)). 

(4) The groupoid W(TZ) is finite. 

Further, (l)-(3) hold for one X E Ob(W(7£)) if and only if they hold for all 
X E Oh{W{K)). 

Remark 1.3. The equivalence of (1), (2), and (4) was stated and proven in |CH09t 
Lemma 2.11]. Clearly, (4) implies (3). For the proof of the implication (4)=^(1) 
in [CH091 Lemma 2.11] one needs only to assume (3), and hence all claims of 
Lemma [1.21 are equivalent. 

Let C be a Cartan scheme and 1Z a root system of type C. Then 1Z is called 
finite, see [CHMj Def.2.20], if A x is finite for all X E Ob(W(K)). If W(K) is 



connected, then this is equivalent to the conditions in Lemma 11.21 

Let £ denote the length function on Weyl groupoids of root systems: for each 
X E X and each w E Rom(W{TZ), X) let 

£(w) = min{m E Nq \ there exist i\, . . . ,i m E I with w = idx-s^ • • • Si m }. 
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Proposition 1.4. [C H091 Prop. 2.12] Let C be a Cartan scheme and 1Z a root 
system of type C. Let X £ X , m £ No, and i\, . . . ,i m £ / such that £(w) = m 
for w = Sjj ■ • • Si m £ Hom(W(7£), X). Then the roots 

(3 k = id x s h ■ ■ ■ Si k ^(a ik ), k £ {1,2, . . . ,m}, 

are positive and pairwise distinct. If TZ is finite and w £ Hom(W(7?.), X) zs t/ie 
unique longest element, then {[3k | 1 < k < £(w)} = A x . 

Prop. 11.41 implies in particular that the set of roots of a finite root system 
is uniquely determined by its Cartan scheme and coincides with the set of real 
roots. 

Definition 1.5. Let X and / be non-empty sets, (r^jg/ a family of maps : 
X — > X, and {mf^) i: j e i : xex a family of numbers in N U {oo} such that mf^ = 1 
and (rirj) m Zi(X) = X for all X £ X and i,j £ I with m^- < oo. Q Let Q 
be a groupoid with Ob(Q) = X, and let (sf) i( zi^x£X be a family of morphisms 
sf £ Hom(X, Ti(X)). We say that (Q, {sf) i£ j^xex) satisfies the Coxeter relations 
if 

(1.2) s rj<rirs) m &-\x) s (r i r j ) m &-\x) _ _ _ ^{X) ^{X) ^ = id ^ 

y J 3 ^ 3 1 3_^ 

2mf ■ factors 

for all X £ A" and with < oo. In particular, Eq. (11.21) means for 

% = j that s r ; {X) sf = id x for all X £ ^ and i £ 7. 

Let W be a groupoid and (sf) ie j t xex a family of morphisms as above. We say 
that (W, (sf r ) ie / i xgA') is a Coxeter groupoid, if 

(1) (W, (sf )iei,xex) satisfies the Coxeter relations, and 

(2) for each pair (Q, (t x ) ieItX £x) satisfying the Coxeter relations (with the 
same X, I, (r^) and (mfj) as for W) there is a unique functor F : W — > Q 
such that F is the identity on X = Ob(W) = Ob((?) and F(sf ) = tf for 
aU i £ J, X £ X. 

The universal property of a Coxeter groupoid (W, (Sf f )i6/,xeAr) implies that 
Hom(VV) is generated by the morphisms sf £ Hom(X, rj(X)), where i £ / and 
X £ 

For the rest of this section let C = C(I, X, (r^jg/, (A x )xex) be a Cartan scheme 
and let 1Z = TZ(C, (A x ) x <=x) be a root system of type C. 

Theorem 1.6. |HY08bl Thm. 1] For all i,j £ I and X £ X let 

mJ = #(A x n(N a i + No« J ))- 
1 This slight extension of notation is compatible with (R4) and (CI). 
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Then (W(TZ), (sf) ie i t xex) is a Coxeter groupoid with respect to {mfj). 
Definition 1.7. For all X G X, m G N and (z'i, ...,i m )el m let A+() = and 

A = ^ m 4r'' X> ■ ■ ■ «£T ,, ' nW K> € A* * e {1,2, . . . ,m}, 
A x (ii, . . . , z m ) = (/3jfc)fce{i,2,...,m}) 

Aj(ii, . . . , z TO ) = {A G Aj I #{fc GZ|l<fc<m,A = ±/3 fc } is odd}. 

Lemma 1.8. Let m G N, z'i, . . . , i m G 7, 16^, and Y - = r^X). Then 

A x^ i ^ = UY 1 (k\{i 2 ,...,i m ))U{a il } tfa h (£Al(i2,...,i m ), 
\s£(A^(z 2 , • ■ .,z m ) \ {atij) ifa h G A^(z 2 , . . .,i m ). 

Proof. The claim follows from Def. 11.71 and basic properties of the map s^. □ 
The sets A+ (z'i, . . . , i m ) ultimately describe the elements of Hom(W(7£), X). 

Proposition 1.9. Let X G Af ; m,m' G No and i±, . . . ,1^,,^, . . . ,i' m , G I. T/je 
following are equivalent. 

(1) A£(zi,...,z m ) = A^(*i, ...,i' m 0, 

(2) Sil • • • s im = s i? • • • Si / , m Hom( , X) . 

Moreover, #A*(z'i, . . . , z m ) = £{id x s h ■ ■ ■ s im ). 
Proof. Let V denote the category with Ob(V) = X and morphisms 
Hom(F, Z) = { (AjO'i, • • • , Jn), idz^ • • ■ s in ) | 

n G N , ji, . . . , j n G 1,7-^ • • -r jn (Y") = Z) 
for all y,Z6^. Composition of morphisms is defined via concatenation: 
(A+(ji, • • .,j n ),id z s jl ■ ■ ■ s jn ) o (A+(kx, . . . , fc p ), id y s fcl • • ■ s kp ) 

= (A+(ji, . . . ,j n , h, ■ ■ • , /c P ),id z s il ■ • • s in s fcl ■ • • s kp ) 

for all Y, Z e X, n,p £ N and ji, . . . , j n , fci, . . . , k p G I with Z — ■ ■ ■ Tj n {Y). 
First we prove that V is indeed a category. 

Let n,n',p,p' G N , ji, . . .J n , j[, . . . , j^, fci, . . . , fc p , fci, . . . , k' pl G I and Z G X 
such that 

AjOl, • • • Jn) = AjO'i, • • • X), A I(^> ■ ■ ■ A) = A M> • • • » 

and idzSj 1 ■ ■ ■ Sj n = id^s^ ■ ■ ■ Sf f , where Y = r Jn ■ ■ -r^iZ). The definition of A+ 
implies that 

(1.3) A + (j'i, . . . , j n , fci, . . . , fc p ) =A + (ji, . . . , j n , fc 1; . . . , fcp/), 

(1-4) Aj(ji, . . . , j n , fci, . . . , k p ) =Aj(,7i, ... fci, ... , fc p ), 
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and hence the composition is independent of the choice of representatives. Clearly, 
the composition is associative, and (A+(),idz) is the identity for any Z G X, 
and hence V is a category. Moreover, Hom(V) is generated by the morphisms 
(A^(i), s r ^ Z ') with i G / and Z G X, which are invertible since A+(i,i) = 0. 
Thus V is a groupoid. 

Let Z G X and i,j G /. Assume that m z - < oo. Then 

(1.5) Al( iJ,i,j i,j) =0, 

2m? entries 

•j 

since the entries (3k of A z (i,j, i,j) are the elements of (Za^ + 1>ctj) H A z , 

each appearing with multiplicity one, see [HY08b, Lemma 6]. In the special case, 
where i = j, we have A z {i,i) = (a i: — Hence the pair 

(V,((A^(z),4 l(Z) )) ie /,z^) 

satisfies the Coxeter relations in the sense of Def. 11.51 By Thm. 11.61 there is a 
functor from W(7Z) to V which maps {Z) to (A z (i),8i i{Z) ) for each Z G X and 
i 6 /. This proves the implication (2)=^(1) in the claim of the lemma. 

We prove (1)=^(2). Assume that A+ (ii, . . . , i m ) = A^(i[, . . . , i' m r). Using that 



A+(«, z,ji, . . . , j„) = A+(ji, . . . , in), idzSiSiSj, • • ■ s jn = id z s h ■ ■ ■ sj. 



.In 



for all Z G X and G No, ■ ■ ■ ,jn G /, we may assume that m! = 0. By 
the first part of the lemma we may restrict to the case when idx^n ■ ■ ■ Si m is a 
reduced expression, that is, iiidxs^ • • -Sj m ) = m. Then we have to show that 
m = 0. The roots 

s J (x) ...^^ (X) K)eA^ 

where 1 < A; < m, are pairwise distinct and positive by Prop. 11.41 Hence the as- 
sumption A;f (ji, . . . , i m ) = implies the desired claim m = 0. The last assertion 
of the lemma follows from the first one and from Prop. 11.41 □ 

Let X, Y G X, w G Hom(Y,X), m G No, and ii,...,i m £ ^ such that u> = 
Sj x • • • Sj ro . Let A+(iu) = A^(ii, . . . , z m ). This notation is justified by Prop. 11.91 

Corollary 1.10. Let X,Y e X, w E Hom(Y, X) ; and i G I. Then 

£(w) + l ifai£AX(w), 
(w) - 1 if (Xi G Af(u>). 



Proo/. ByProp.[T9l£(sfu7) = £(w)+l if and only if #A r ; (x) ( s f iw) = #Af (w)+l. 
Then the claim holds by Lemma [1.81 □ 
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Definition 1.11. Let X G X. For all Y, Z G X and x G Rom(Y t X), y G 
Hom(Z, Y) we write x <d xy (in Hom(W(7£), X)) if and only if £(xy) = £(x) + 
£(y). Then <£> is a partial order on Hom(W(72-), X) which is called the (right) 
Duflo order. 

The definition stems from the corresponding notion for Weyl groups of semisim- 
ple Lie algebras, see [Mel04j . [Jos95l A 1.2]. The Duflo order is also known as the 
weak order |BB05j . 

Remark 1.12. As for the right Duflo order for Weyl groups, <d is the weakest 
partial order on W(7V) such that x <d xsi for all x G Hom(W(7£)) and i G / 
with £{x) < l(xsi). 

The following theorem gives a characterization of the right Duflo order. 

Theorem 1.13. Let X G X and let w 1 ,w 2 G Hom(W(7£), X). Then w\ < D w 2 
if and only if A x ,(wi) C A^_{w 2 ), 

Proof. We proceed by induction on £{w\). If w\ = idx, then A+(iui) = and 
w\ <d w 2 , and hence the claim holds. If £(wi) = 1, then w\ = s- for 
some i G /, and hence A£(i«i) = c^. By definition, u>i <£> w 2 if and only if 
£{w 2 ) = 1 + £{sfw 2 ). Hence the claim holds by Cor. 11.101 

Assume now that i(wi) > 1. Let i G / with £(i£>i) = £(«;) + 1 for w = sfwi. 
Then 

(1.6) a t G Aj(iwi) 

by Cor. II. 10L Thus Lemma fl .81 implies that A*(wi) C A x (w 2 ) if and only if 

(1.7) «,GA^(w 2 ) and A r i (X) (s?w 1 )cA r i {X) (s?w 2 ). 

Induction hypothesis, (11.61) and Cor. 11.101 imply that the relations in (jl.7p are 
equivalent to 

(1.8) £{sfw 2 ) = £{w 2 ) - 1, £{sfw 2 ) = £(sf Wl ) + £(w^w 2 ). 

Since (11.81) implies that W\ <£> w 2 , the if part of the claim holds. Further, 
W\ <d w 2 implies that 

£{sfw 2 ) < £{sf Wl ) + £{w^w 2 ) = t{w x ) - 1 + £{w^w 2 ) = £{w 2 ) - 1, 

that is, that (1 1.8ft holds. Therefore the only if part of the claim holds as well. □ 
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2. Braided Hopf algebras and Nichols algebras 

Let k be a field and let if be a Hopf algebra over k with bijective antipode. 
Let ^yT> denote the category of Yetter-Drinfeld modules over H. 

Let R be a bialgebra in ^yT>. We use the Sweedler notation for the coaction 
5 : R — > H ® R and the coproduct A R : R — > R ® R in the following form: 
5(r) = r(_i) T( ), A R {r) = r^ 1 ' ® r^ 2 ' for all r E R. 

Let R be a Hopf algebra in #3^D with antipode Sr. Let R#H be the bosoniza- 
tion of R, see e.g. |AHS08t Sect. 1.4]. Recall that R#H is a Hopf algebra with 
projection tth ■ Rj^H — > H, and 

(2.1) (r#h){r'#ti)=r{h {l yr')#h {2) ti, 

(2.2) r ( _i) <g> r (0) = 7T H (r ( i)) ® r (2) , r (1) <g> r (2) = r (1) r (2) ( _i) <g> r (2) (0 ) 

for all r, r' G -R, /i, ft/ G if, where A(a) = a(i) <S> ot(2) for all a G R#H . 
Let S* denote the antipode of the Hopf algebra R#H. Then 

(2.3) S R (r) = r(_i)S , (r (0 )), S(r) = S(r^ 1} )S R (r i0) ) for all r e R, 
and Sr G End(i?) is a morphism in ^yT> satisfying 

(2.4) S R (rs) =S R (r(-i) ■ s)S R (r {0) ), 

(2.5) A R (S R (r)) =S fl (r« ( _i) • r«) ® ^(r« (0) ) 
for all r,s <E R. US is bijective, then the map S^ 1 : i? — > i?, 

(2.6) S^r) = S , " 1 (r (0 ))r ( _i ) for all r G i? 
is a morphism in ^yT> and is inverse to S R . Moreover, 

(2.7) S-\r) = 1 S i? 1 (r (0) )S- 1 (r ( _ 1) ) for all r G ii. 
In this case, Eqs. ( 12.41) . (12.51) are equivalent to 

(2.8) S R \rs) =S R l (s {0) )S R 1 (S-\s { „ 1) ) ■ r), 

(2.9) A R (S R \r)) =S R \r^ {0) ) ® W)) . r W) 

for all r,s E R. 

Remark 2.1. (i) Let A be a Hopf algebra. Then A op is a Hopf algebra if and only 
if the antipode S of A is bijective. In this case S 1-1 is the antipode of A op . 
(ii) Let B be a bialgebra in ^3^P with a coalgebra filtration 

kl = 5 cBiCB 2 C--'C5, Un=o B n = B. 
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Then B is a Hopf algebra in ^yD, and the antipodes of B and Bj^H are bijective. 
Indeed, 

H C B^H C B 2 #H C ■ ■ ■ C B#H 

is a coalgebra filtration of Bj^H and 

#°p c (Bx#H) op C (B 2 #H) op c • • ■ C (B#H) op 

is a coalgebra filtration of (B#H) op . Since if and if op are Hopf algebras, Bj^H 
and (B#H)°p are Hopf algebras by [Mon93l Lemma 5.2.10]. By Part (i) the 
antipode of L>#ii is bijective. Hence Sb is bijective with inverse given in Eq. ( 12. 61) 
(for = □ 

Let .E C i? be a subspace. We say that E is a n<?/ii coideal subalgebra of R 
in ^yV if E C i? is a subobject in |^£> and a subalgebra (containing 1) with 
Ar(E) E E ® R. If if is the trivial 1-dimensional Hopf algebra, we follow the 
traditional terminology and call E a right coideal subalgebra of R. 

Let G be a group. We say that a right coideal subalgebra E of a (braided) 
Hopf algebra R is G- graded, if i? = Qg^cRg is a G-graded algebra and L? = 
(B ge a(E nRg). For any G-graded algebras A, 5, and any algebra map / : A — > L? 
we say that / is a homomorphism of G -graded algebras, if f(A g ) C L> 9 for all 

Lemma 2.2. Lei B E R be a Hopf subalgebra in %yD. Assume that there exists 
a morphism ir : R — > L? o/ ifop/ algebras in ^yD such that tt\b = id#. Lei 
^co-B = { r G ^ | r (i) g) 7j-( r ( 2 )) = r (8> 1}. Lei E E\ R be a right coideal subalgebra 
in ^yT> such that B C E. Then the multiplication map (R coB (1 E) (3 B E is 
an isomorphism. 

Proof. The inverse of the multiplication map is given by 

E -> (R coB (1 E) ® B, r ^ r (1) ^(7r(r (2) )) <g> 7r(r (3) ) 
for all r £ E. □ 

Proposition 2.3. Lei R be a Hopf algebra in ^yD. 

(i) Let E C R. If E is a right coideal subalgebra of R in ^yD, then Ej^H is 
a right coideal subalgebra of Rj^H . 

(ii) Let E' be a right coideal subalgebra of Rj^H with H C E' . Then E = E' coH 
is a right coideal subalgebra of R in %yD with E' = E#H. 

(Hi) Let G be a group, and assume that the algebra R = (Bg^cRg is G-graded 
and R g E ^yD for all g E G. Then R#H = ® geG (R#H)g is G-graded with 
(R#H) g = R g #H. Let E C R be a subobject in HyD. Then E is a G-graded 
subalgebra of R if and only if Ej^H is a G-graded subalgebra of ' R#H . 
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Proof, (i) and (iii) follow from Eqs. (12.11) . (12. 2p . (ii) is a special case of Lemma 12 .21 
with H = kl and B = H. □ 

Let V G uy v - Assume that dim k V < oo. Then V* G %yi> with the following 
properties: 

(2.10) (h-f,v)={f,S(h)-v), 
(2.H) /(-D</(o),«> ^ _1 (^(-i))(/^(o)), 

for all /i G #, v G V, f G V*, see e.g. |AHS08l Sect. 1.2]. Let B(V) and 
B(V*) denote the Nichols algebra of V and V*, respectively. These are N -graded 
braided Hopf algebras in ^yV with degree 1 parts B X {V) ~ V, B 1 ^*) ~ V* and 
with k as degree part. Since the antipode of H is bijective, the antipodes of 
B(V), B(V*), B(V)#H and B(V*)#H are bijective by Remark EjTn). 
The evaluation map between V* and V induces a bilinear form 

(2.12) {.,■): B(V*)xB(V)^k, 

see |AHS08[ Sect. 1.5] for the origins. This pairing is non-degenerate, and it 
satisfies the equations 

(2.13) (1, 1) = 1, (/, v) =0 for all / G B k {V*), v G B l (V), k ^ I, and 

(2.14) (h-f,v)={f,S(h).v), 

(2-15) /(-!)</«»,«> =5'- 1 (^(-i))(/^(o)>, 

(2.16) (f,vw)=(f^,w)(f^\v), 

(2.17) (f9,v) ={gM 2) ){f,v (1) ) 

for all f,ge B(V% v,w G h £ H . 

Let {6 a } and {fe Q } be No-graded dual bases of B(V*) and B(V), respectively. 
Eqs. ( 12^ -( 12~T71) imply the following for all h G if, u G B(V), f G 

h-b a , 

a 

^S^Vi))® 6 <*® 6 >)> 
(6 Q(2) ,t;)6 Q(1) , 



(2.18) 


e(/i) 

Q: 


® 6' 


(2.19) 


a 


® 


(2.20) 


a 


® 6' 


(2.21) 


y^6 a (-i) ® 6«(0) 

a 


® 6' 


(2.22) 




® 6' 
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(2.23) 


a a 


b «(2) j 


(2.24) 


S^h <R> b a f = V7f b {1) )b (2) C 

a a 




(2.25) 


^b a ® fb a =}^(f,bj 2) )b a {1 h 

a a 




(2.26) 


J2 b «®b p ® b"b a = A B (v)by ® & 7 - 

a,f3 7 




Let K G 






(2.27) 


&B{V)#h{x) = ® Z[0] 





for the left coaction of B(V)#H on x G K. Then A" G #3^C, where the action is 
the restriction of the action of B(V)#H to H, and the coaction is 

S = (tth <8> id)5 B (y)# J H', 
and 7r# : B{V)j^H — > H is the canonical projection. Let (Wy) : K —* B(V) ® A, 

(2.28) 5 s(V )(x) = x^ij^^^^i)) <g> X[ ](o) for all z G A". 
We use modified Sweedler notation for Ss(v) i n the form 

(2.29) S B{v) (x) = <8> x (0) for all x G A. 

The map <Wy) is if-linear and if-colinear via diagonal action and coaction. We 
are going to study the right action of B(V)#H on A defined by 

(2.30) x < v = ■ x for all v G B(V)#H, x G K. 

Lemma 2.4. Let A G f^^yV. 

(i) Let x G A , v,w G B(V) and h G H. Then 

(2.31) /i ■ (x < v) =(/i(i) • s) < (/i(2) ■ u), 

(2.32) <5(x < u) =«(_!) U(_i) <8> X( ) < f (0 ), 

(2.33) (i< u) < «j =i< tw. 

For a// / e V* and x e K let df(x) = (f, x^^x^. Then df(x) G AT and 

(2.34) ^(x<u) = df(x) <v + (S~\x^ 1} ) ■ f,v^)x (0) <v^ - (f,v {2) )x<v {1) 

for allfe V*, xeK,ve B(V). 

(Hi) Suppose that K is a B(V)#H -module algebra. Then 

(2.35) (xy) <v = (x W 2 ) (0) )(S-VVi)) " (W 1} )) 
for all v G B(V) and x,y G A . 
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h-(x<v) =hS~\v) ■ x = S~\vS(h)) ■ x = S-^Sihpdihp) ■ v)) ■ x 

= S~ 1 {fl { 2) ■ v) ■ • X) = 0(i) • X) < (/i(2) • v). 

Using the Yetter-Drinfeld structure of K we obtain that 

S( x < v) =5(S~ 1 {v) ■ x) = ^(S'^f )(i)X[_i ] S'(S'~ 1 0)(3))) ® 5 ,_1 0)(2) • X[ ] 
=vr / /(5'" 1 0(3))a;[-i]W(i)) ® 5'" 1 0(2)) ■ zp] 
=7Tfl-(a;[_i]'U(i)) <g> S' _1 0(2)) • X[ ] = a?(_i)V(_i) <g) x (0 ) < U( ), 

where the fourth relation follows from w G B(V), and the last one from the 
definitions of S and <. Eq. (12.331) holds since S" _1 is an algebra antiautomorphism 
oiB(V)#H. 

(ii) Let / G V*, v G B(V), and x £ K. Let : B(V*)#H -> be the 

linear map with $(w#h) = we(h) for all u; G £>(V*), h £ H. It is well-known 
that = w ( i)^(S(t« (2) )) for all w G B(V*)#H. We get 

^(x<«) = (/, (x^^Xx^ ) ^ (/^(5" 1 0(3))^iF(i)))x[o]<^( 2 ) 
+ (f,fi(7r H (S~ 1 (v {3) ))x hl] iT H (v {1) ))}x [0] <v {2) 

+ (/,^(7ri/('5~ 1 (^(3))^hl]) t '(l))) X [0] <t; (2) 

= (/, ^(5'~ 1 0(2))))a; < U(i) + (/, tf(x[_i]))x[ ] < u + (/, ^(x ( _i)U ( i)))x( ) < U( 2 ) 
= (/, S~ l (v {3) )7r H (v {2 )))x< V(i) +df(x)<v+ (/,a?(-i) ■ i?(«(i)))a;(o) <«(2) 

= (/>^Bcio( u (2)))»<«(i) +9f(x)<« + • w (1) )x (0 ) <w (2) 

= -</, U(2))a: < U(i) + ^(a?) < u + (S^fa-i)) ■ /, «W)s (0) < i/ 2) 

which proves (ii). In the latter transformations, the third equation follows from 
the fact that / is of degree 1 in B(V*), and hence the pairing of a homogeneous 
product with / vanishes if the sum of the degrees of the factors is not 1. Further, 
the fourth equation is obtained from (id®7r^)Z^(t') = v®l and from the definition 
of i?. In the fifth equation, the definition of i? and of df(x) is used. The last 
equation comes from Eq. (12.141) and the facts that / has degree 1 and each 
element of V is primitive. 
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(iii) Let v G B(V) and x, y G K . Then 

(xy) < v =S-\v) ■ (xy) = (S' 1 ^) ■ x^S' 1 ^) ■ y) 
= (S-\v^\ Q) ) ■ x^S-^v^^) ■ y) 

=(xW 2 ) (0) )(s-V 2) m)) • (W x) )) 

since K is a B(V)#H- module algebra. □ 

We extend the definition of df given in Lemma 12.41 Note that B(V) is a 
coalgebra. For any left i3(V)-comodule L and any / G V* let dj : L — > L be the 
map defined by 

(2.36) d}(x) = (/, it" 1 ))^) for all x G L, 

where <5g(y)(x) = a;* -1 ) ® x^. 

Lemma 2.5. Lei L be a left B(V)-comodule. Let Lq C L and let (Lq) be the 
smallest left B(V)-subcomodule of L containing Lq. Then (Lq) is the smallest 
subspace of L which contains L and is stable under the maps dj, f G V* . 

Proof. By assumption, 

(L ) = spanJ^-V ) I* G L ,g G B{Vf). 

The non-degeneracy of the pairing (•, •) between B(V*) and B(V), see (I2.12p . 
implies that 

(Lq) = sp a n k {(g,x^)x^\xe L ,g G B(V*)}. 
Eq. (I2.17P further implies that 

(L ) =span k {(/ 1 ■ • • f k , x^x® \xeL ,ke N , fi, ■ ■ ■ , fk G V^*} 
=span k {<9£ ■ • • d£ (x) | x G L , fc G N„, /i, . . . , f k G V*}. 
This proves the lemma. □ 

3. The algebra map 9i 

Let V, V G %yV and W = V ® V with dim k IV < cx). Let tt : B(W)#H -> 
B(V)#H denote the Hopf algebra projection corresponding to the decomposition 
W = V © V, and let 

(3.1) If =B{W) coB < y) * H = {x G | (id (8) 7r)Z\ B(M0#H (x) = x <8> 1} 

be the algebra of right coinvariants with respect to the right coaction of B{V)j^H . 
Then if is a braided Hopf algebra in wm^ffJ^, and hence the results in the 
previous section apply. 
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Recall from |AHS08l Def. 2.5, Remark 2.7] that K#B(V*) is an algebra in %yi> 
such that the multiplication map if <g> B(V*) — > K#B(V*) is an isomorphism of 
left if -modules and right £>(y*)-modules, and 

(3.2) (l#/)(x#l) = (/(V(* (1) )>*%)#S-VV)) • 

for all / G fi(V*), x G if. For brevity we will often write xf instead of x#f for 
all x G if and / G Note that if / G V* and x G if then 

(!#/)(#!) =</, + i^ 1 ^)) • / 

=9 / L (x)#l + x (0) #5- 1 (a; ( _ 1) )-/ 

by Eqs. dS2D, 

Let ad denote the left adjoint action of B(W)#H on itself. Assume that 
dim(ad£>(V)#ii)(:r) < oo for all x G V . Since if is generated as an algebra by 
(adB(V)#H)(V), see |AHS08l Prop. 3.6], the left adjoint action of B(V)#H on 
if is locally finite. 

Let £K : if <g> if -> if <g> {K#B{V*)) be the linear map with 

(3.4) <K(x ® y) = x < 6 a ® 6 Q y 

a 

for all x,y & K, where {b a } and {6 Q } are dual bases of the N -graded algebras 
B(V*) and B(V), respectively, and < is defined in Eq. f)2.30p . By the local finite- 
ness of the left adjoint action of B(V)#H on if, the sum in Eq. (13.41) is finite for 
all x, y G if . Since 1 < v = e(v)l for all v G B(V)#H, we conclude that 

(3.5) 9=1(1 ® y) = 1 ® y for all y G if . 

Let M : if ® K#B(V*) -»• if <8> K#B(V*) be the linear map with 

(3.6) M(x®y) = ^x«S B(w0 (& Q )®& Q y 

for all x G if and y G K#B(V*). Then 

(3.7) M^R(x ®y) = x®y for all x, y G if. 
Indeed, 

MlK(x®y) =M(^x«& a ®&V) = a: < & Q 5 B (w) {bp) ® 6 /J 6 a y 

= x < b { ?SB{w){bf) ®b~<y = s ^x® e(6 7 )6 7 y = x ® y, 

7 7 

where the third equation follows from Eq. f)2.26p . 
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Lemma 3.1. For all x,y G K and h G H, 

(3.8) h-<R(x®y) =9t(/i ( i) -x®h {2) -y), 

(3.9) S9i(x <g> y) =s(_i)2/(_i) <S> SK(x(o) ® y(o))- 

Proof. By Eqs. ASM . (gJS} and flOB . 

• 9*(x<g}y) = /i ( i) • (x < b a ) <g> (/i (2) ■ fe Q )(/i( 3 ) ■ J/) 

= 53(^(1) ' x ) <■ (fya) • U ® (fya) • ^°)(^(4) ■ y) 

tt 

= y*X h Q) -x)<b a ® b a (h {2 ) ■ y) = 9t(fyi) • z <8 fy 2 ) • y) 
<> 

for all he H and x,y e K. Similarly, Eqs. (|52j) . fl232|) and f[2T20l) imply that 
o"<K(x<g>y) = <5( y^ j x<b a ®b a y 



= ^ x (-l)ba(-l)b a (-l)y(-l) ® 2(0) < &a(0) ® ^(0)2/(0) 
a 

= 5^ ^(-i)2/(-i) ® ^(o) < & Q ® o a y(o) = <8 JH(x( ) <8 j/(o)) 

a 

for all x,y e K. □ 
The vector space ® -ft' is an algebra in #3^P with product 

(3.10) (a; ® y)(;z <8 to) = x(ad7r(?/(i)))(z) <g> ?/( 2 )W 

for all x, y,z,w G iT. Note that this is the usual product of K ® K in B (vo # #3^C- 
Similarly, K#B(V*) <8 K#B(V*) is an algebra in f with product 

(3.11) (x <8> y)(^ <8 u>) = x(y ( _i) • z) <8 y^w 
for all x,y,z,w G K#B(V*). 

Theorem 3.2. JTie map 91 : K®K — + K#B{V*)®K#B{V*) is an algebra map 

m %yv. 

Proof. The map 9^ is a morphism in #3^P by Lemma [3.11 Further, 
9t((x <8 y)(l <8 z)) = <8 yz) 

= x < 6 a ® o Q y;z = 1R(x (8 y)(l <8 z) = *K(x ® y)9t(l <8 z) 
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for all x, y, z G K by Eq. (13.51) . Hence it suffices to show that 

(3.12) *H((s ® l)(y ® 1)) =9t(z ® 1)9^(2/ ® 1), 

(3.13) *K((1 ® ® 1)) =SH(1 g> ac)JH(j/ <8> 1) 

for all x,y E K. Let x,y E K. Then 

*H(a ® 1)9% ® 1) ^ ( x <■ 6 « ® 6 °) ( y < 6 &/3 ) 

a 

^ J> < 6 a ) (6 a ( _U • (y < bp)) ® &>)&" 
™ J> < 6 a(0) )(S , - 1 (6 a( _ 1) ) • (j/ < bp)) ® 

™£(*<&?W(s-H&?Vi)) • (y<^)) ® fo7 

7 

^5>y)«& 7 ®^!H(xy®l). 
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This proves Eq. f)3.12p . Further, 

JH((l®x)(y <g> 1)) W ^((x hl] • j/) <g> x [0] ) 

El V^/ \ i „ m 112.301 1 v ^ N „ ,„ 

= > ■y)<Qg®o X[o] = 2_^y<{S{x[- 1 ])b a )®bx[ ] 

a a 

a 

a 

= y^?/ <1 (^(^(i))7r(a ; (2))'5'7rg(^(3))fca) ® ^(5)(5 , " 1 7rH(^(4)) • b a ) 

a 
a 

= y]y < (^^(^(-i))) ® x ( o)6 Q ™ ■ (^ <&q ) ® x (o)6 a 

a a 

™(i ® x) ( £ v < &« ® 6°) «(i ® *)*(y ® i). 

This proves Eq. (13. 13)) . and the proof of the theorem is completed. 
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4. Reflections of Nichols algebras 

Let 9 E N and I = {1,2, . . .9}. Let Tg denote the set of ^-tuples of finite- 
dimensional irreducible objects in ^yD, and let Xg denote the set of ^-tuples of 
isomorphism classes of finite-dimensional irreducible objects in %yD. For each 
M = (Mi, . . . , M e ) E Tg let [M] = ([Mi], . . . , [M e \) G Xg denote the correspond- 
ing #-tuple of isomorphism classes. 

Let {ai, . . . , ag] be the standard basis of Z e . For all M = (Mi, . . . , Mg) G Tg 
define an algebra grading by on the Nichols algebra B(M) := B{M\@- ■ -®Mg) 
by degMj = ctj for all j G I, see |AHS08l Rem. 2.8]. We call this the standard 
N e -grading of B(M). 

Let i G I and M G Tg. Let 

(4.1) =B(M) coB ^# H . 

Clearly, Mj C Kf l for all j G I \ {i}. As in [HS081 Def. 6.4] we say that M is 
i-finite if (ad B(Mi)#H)(Mj) is finite-dimensional for all j G I \ {i}. Note that 
if iV G Tg with [M] = [JV] then M is i-finite if and only if N is i-finite. 

Proposition 4.1. |AHS08l Prop. 3.6] Let i G I and M G J^. ^sswme tfiai M is 
i-finite. 

(i) The algebra Kf 1 is generated by ©j e n\{i}(ad£>(Mj))(Mj) . 

(ii) The left adjoint action of B(Mi) on Kf 1 is locally finite. 

Let us recall some crucial definitions introduced in |AHS08l Sect. 3.4]. Let % G I 
and M G Tg. If M is not i-finite, let Ri(M) = M. Otherwise let afj G Z, where 
j G I, and M' = (M[,...,M' g ) G (g^) 9 be given by 

I 2 if j — i, 

(4 2) = < 

* 3 [- max{m | (adM) m (M i ) ^ 0} if j ^ i, 

(4.3) M[ — M*, Mj = (ad M)" a ^ (Mj) for all j G I \ {i}. 
and let 

(4.4) sf G Aut(Z 9 ), sf (ay) = ay - ajfa* for all j G I. 

By [AHS081 Thm. 3.8], Mj is finite-dimensional and irreducible for all j G I, and 
hence M' G Tg. Let Ri(M) = M' in this case. Note that [Ri(M)} = [Ri(N)] in 
X e for all N E Tg with [JV] = [M]. Thus we may define 

n([M\) = [Ri{M)i 

and these definitions provide us with maps Rj : Tg — > Tg, r-j : Xg — ► Xg for all 
j G I Further, if N E Tg with [M] = [JV] and M is i-finite, then aff = ag for all 
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j G I, and sf 1 = sf. Thus we may write and s[ M ' instead of af- and sf* if 
needed. 

Let i G I and M G Tq. Assume that M is i-fmite. Let 

(4.5) : Kf#B(M*) - B(i2((M)) 

be the unique algebra map which is the identity on all Mj C Kf 1 #B(M*), where 
j G I — see |AHS08l Prop. 3.14]. Then Qf 1 is a map in %yV and 

(4.6) nf(* a ) G B(fl,(M))^ w 

for all x Q G Kf#B(M*) of degree aeZ 9 , where iff* C B(Af) is graded by the 
standard grading of B(M) and degM* = — a\. Further, Qf 4 is bijective and 

(4-7) S B(RdM)) Qf(Kt I )=K^ 

by the last paragraph of the proof of [AHS08| Thm. 3.12]. By [AHS08| Eq. (3.37)] 
the restriction of S^r^m))^ 1 to Mj defines an isomorphism 

in ^yD, and there is a canonical isomorphism </?f : Mj — > i??(M)j = M** in 
fyD, see |AHS08l Rem. 1.4]. Let 

(4.8) ^ M = «W:M^^ 2 (M) 

be the family of these isomorphisms. 

The following property of Qf will be one of the main ingredients to characterize 
right coideal subalgebras of Nichols algebras. 

Theorem 4.2. Let M G Te and j G I. Assume that M is i-finite. Then the 
following diagram is commutative: 



(4.9) 



Kf — U ® Kf 1 Kf ® (Kf#B{M*)) 



B(Ri{M)) ® B{Ri(M)) 



that is, 

(4.10) A B[Ri{M)) Slf{x) = (Of ® fif )SR4^(i) 
/or aZZx G iff . 

Proo/. For all j G I \ {i} and fc G N let 

(4.11) Lj = (adB(Mi))(Mj), = (ad M^'^Mj 
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Then 

(4.12) A B{M) (x) - x ® 1 eB(Mi) <g> Lj 

for all j G I \ {i} and z G Lj by [AHS081 Eq. (3.11)]. 

By |AHS081 Prop. 3.14], Qf : Kf#B{M*) -> B(Ri(M)) is an algebra map. By 
Thm. 13.21 is an algebra map. By Prop. I4.1( i). K^ 1 is generated as an algebra by 
Uj-LiLj. Hence it suffices to prove that Eq. (14. 101) holds for all x G Lj, j G I\ {i}. 
Let j 6 I \ {i} and let x G Lj. Eq. (14.12ft implies that Z\^m(x) = 1®x + x®1. 
Hence 

(4.13) (ftf ® nf)d\A K M{x) = 1 ® fif (x) + n f( x < b ») ® 

by Eqs. 1ET1|) . (1331) and since fif | B(M ») = id. 

Since M is z-finite, Prop. 14.1( h) tells that the left adjoint action of £>(ALJ on 

l-a M 

Kf 1 is locally finite. Then |AHS08l Thm. 3.8] can be applied, that is, L j 13 
generates Lj as a BiMi )-comodule. By Lemma 12.51 it suffices to show that the 

set of solutions of Eq. (14.10j) contains Lj 13 and is stable under the maps dj for 
all / G M*. 

l-a M 

Suppose first that x G Lj 13 . Then 

(fif ® Of )9*Z\ xf (x) = 1 ® Qf (x) + fif (x) ® 1 = Z^ (M)) (Of (x)) 
by Eq. Ij05|) and since Of f (x) G Ri(M)j. Thus the set of solutions of Eq. (l4~T0l) 

l-a A/ 

contains L^ IJ . 

Let jfc G N, fc < 1 - afj. Assume that Eq. (HTLOD holds for all i6L*. That is, 

(4.14) A B(Ri(M)) nf(x) = 1 ® fif (x) + J2 ^f( x < M ® 6 ° for a11 x e 

a 

Let y G L k , and / G M*. We have to prove that Eq. (14.141) holds for x = dj(y). 
Since df(y) = fy - y^S'^y^) ■ /) in Kf #£(M*) by Eq. Q, and since 
fif is an algebra map in ^yV with fif |b(at*) = id, we obtain that 

A B(Ri{M)) nf(df(y)) = A BmM)) (fQf(y) - Slf (y^- 1 ^) • /)) 
= (/ ® 1 + 1 ® /) (l ® nf(y) + n?{y < &«) ® b a ) - (l ® fif (y (0) ) 

+ ]T (y (0) < 6 a ) ® (1 ® S _1 (V(-i)) • / + ^" 1 (z/(-i)) • / ® !)■ 
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By applying the product rule in B(Ri(M)) ® £>(i?j(M)) this becomes 

A B(Ri{M)) nf(df(y)) = 1 ® (fnf(y) - ^(y^S- 1 ^) • /)) 
+ / ® fif (y) - y^S'Xy^) ■ f ® fif (y (0) ) 
+ ^(/fif (y < 6 a ) ® b a + /(_!) • < b a ) ® / (0 )6 a ) 

a 

-^fif(y (0) <U®6 a (^ 1 (y M ))-/) 

a 

- £ fif (2/ (0) < 6 a )(6 a ( _ 1) 5'- 1 (i/ ( _ 1) ) • /) ® 6> } . 

a 

In the last expression, the first line equals 1 ® flf(d^(y)) and the second is zero. 
We rewrite all other terms such that the second tensor factors contain only b a . 
Eqs. (I2.25P and (12.151) and the definition of < yield that 

-nf(y<b a ) ® f {0) b a = X)/(-D • ((/(0),& Q (2) )fif(2/<^ (1) )) ® &° 
= ^^(^Vi)) " (y < b a V) ® 6° 

a 

= ^(/,foa (2) (o))^f (2/<ifea (1) ^ (2) (-i)) ® & Q = ^(/,6 Q(2 ))fif / (y<& Q (i)) ® 6 a , 
Eq. fl2T2^j) implies that 

^fif(y (0 ) <6 Q )®6 Q (5- 1 (y ( _ 1) ) ■ /) = ^T^" 1 ^) ■ /, 6 a «)fif (2/(0) < &a (2) )®& Q , 

a a 

and from Eq. (12.2ip we conclude that 

(2/(0) < M^Vd 5 ^-!)) • /) ® & a (0) 

tt 

= ^fif(2/ (0 ) <6 Q (o))(^ 1 (y ( _ 1) 6 a( _ 1) ) ■ /) ® 6 a . 

On the other hand, 

(ftf ® fif )^Z\ x m (^(y)) = (Qf ® fif )9t(l ® + d}(y) ® 1) 
= 1 ® nf (d}(y)) + nf(df(y) < b a ) ® 6". 

a 

Comparing coefficients in front of b a we conclude that Eq. (14.141) holds for x = 
dj(y) if equation 

(A , c , /(v < 6) + </. 6(2)>(y < hi)) - (s~\y { ~D) ■ f, b {1) )y { o) < & (2) 

-(2/(0) < &(o)) (5 i (2/(-i)6(_ 1) ) • /) =0£(j/) < 6 
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holds in Kf#B(M*) for all b G 15 (Mi). Using Eq. (Q with / G M*, Eq. (051) 
becomes equivalent to 

df(y < b) = -(f, b [2) )y < b {1) + ■ /, 6«>y (0) < 6 {2) + < 6. 

The latter is true by Lemma I2~4l ii). Thus Eq. (14.141) (and hence Eq. ( 14. 10p ) holds 
for x = df(y) and hence for all i 6 L 3 . This finishes the proof of the theorem. □ 

5. Right coideal subalgebras of Nichols algebras 

Let 6 G N and M = (Mt,...,M e ) G T e . Let /C(M) denote the set of all 
No-graded right coideal subalgebras of B(M) in %yV , where B(M) is graded by 
the standard Np-grading, see Sect. HI 

For all ct G Z e let t a = t™ 1 • ■ ■ t n e e G N [tf\ tf 1 ], where a = n i a i- For 
any N e T e and any N^-graded object X = ® aeN eX a C B(N) in ^yV let 

(5.1) H x (t)= ^(dimX Q )reN [[ti,...,t,]] 

be the (multivariate) Hilbert series of X. 

There is a Z-linear action of GL(0, Z) on Z^ 1 ,...,^ 1 ] via = t 9 ^ for 
all g G GL(6*,Z), a G Z e . This extends to a partially defined Z-linear action 
of GL(6, Z) on Z[[ti, . . . , the action of each g G GL(0, Z) is well-defined on 
the subring of Z[[ti, . . . , consisting of those formal power series ^ QgN e a a t a , 
where a a G Z for all a and a a = if g(a) Nq. 

We start our considerations of right coideal subalgebras with general lemmata. 

Lemma 5.1. Let M G JFg and let E be an Nfj-graded right coideal of B(M) in 
^yV. If E ^ kl, then there exists i G I such that M { C 

Proof. Let pr x : £>(M) — > Mi © • • ■ © M# be the N -graded projection to the 
homogeneous elements of degree 1. Recall that the map 

(pr x © id)A B{M ) : ®™ =l B n (M) -> (Mi © • • • © M*) © B(M) 

is injective. By assumption, Z\g(M)(-E0 C © B(M), and 7^ kl. Thus 

^ (pri © id)Z\ B(M) (£) C (£ n (Mi © • • • © M e )) © B(M) 

and hence E fl (Mi © • • ■ © Me) ^ 0. Since E is N^-graded, there exists i G I such 
that En M . ^ 0. Since £ G g^P and M< G g3^P is irreducible, this implies that 
M c£. □ 



Lemma 5.2. Lei M G Tq, % G I, and E G /C(M). T/ien Mi <£ E if and only if 

'S(M) ( 
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Proof. The homogeneous subspace of Kf l of degree a, is 0, hence Sb(m) (A) C A 4 m 
implies that Mj (f_ E. Conversely, assume that ilA <f_ E and let it : B{M) — > 
B(Mi) be the canonical map. Then ilA (jL tt(E) since E is Ng-homogeneous. Since 
tt(E) is a right coideal of B(Mj), we conclude that ir(E) = kl by Lemma \5. II and 
hence 

(5.2) ir{S B ( M ){E))=kl. 

On the other hand, S B (m)(E) is a left coideal subalgebra of B(M), and by Eq. (15.21) 
it is contained in B(M) coB ( Mi ^ = Kf 1 which proves the lemma. □ 

Corollary 5.3. Let M £ T e , i £ I, and E £ K,(Ri(M)). Assume that M is 
i-fimte and Ri(M)i £ E. Then (fif )" 1 (E) C Kf 1 . 

Proof. Since M is z-finite the map Vtf 1 is bijective, see Sect. SJ Since Aj(M)j <f_ E, 
Lemma [5.21 yields that 

(5.3) S B(RdM)) (E) C Af (A/) = S B{RdM)) n?i(KM), 

where the last equation holds by Eq. (14.71) . The relation (15.31) gives the claim. □ 

Lemma 5.4. Let M £ Tq and % £ I. Suppose that M is not i-finite. Then there 
exist infinitely many N®-graded right coideal subalgebras of B(M) in %yV which 
do not contain any Mj with j £ I \ {i}. 

Proof. Let k £ such that dim(adi3(Mj))(M fc ) = oo. For all n £ N let E n be 

the subalgebra of B(M) generated by (ad£> n (i\A))(M fc ) and Mj. By assumption, 
E n ^ for all n £ N. By construction, E n C E m for all m < n and 



(5.4) (E n ) 



a k +mai 



if m < n, 

(ad£ n (M))(M fc ) ifm = n. 

Hence E\ D Ei D • • • is a strictly decreasing sequence of nontrivial No-graded 
subalgebras of B(M) in ^yV with E n f] M = M { for all n £ N. It remains to 
prove that each E n is a right coideal of £>(M). But this is true since Ab(m)(x) £ 
E n ® £>(M) for each generator x of E n by Eq. (14.121) . □ 

Recall that Kf 1 is a Hopf algebra in the braided category 0(jy/ 1 j#f/3 ; £'- Its co- 
multiplication is denoted by A k m. Assume that M is z-fmite. Regard Kf 1 #£>(M*) 
as a Hopf algebra in %yV, such that the algebra map fif : K^#B(M*) -> 
B(Ri(M)) is an isomorphism of Hopf algebras in |^£>. 

Lemma 5.5. Lei M £ jF e and i £ I. Assume that M is i-finite. Let F C A^ 6e 
a subalgebra in ^yD. Then the following are equivalent: 

(1) FB(Mi) is a right coideal subalgebra of B(M) in #3^P- 
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(2) F is a right coideal subalgebra of Kf 1 in gj^jJJ^, and (ad Mi) (F) C F. 

(3) F is a right coideal subalgebra of K t M #B(M*) in %y>V. 

Proof. Assume (1) and let E = FB(Mi). Then F = EnK™ , and (ad M;)(F) C F 
since Mj C E. Let n : B(M) — > B(Mi) be the canonical map. Since 

Z\^m(x) = x (1) £ B (M,)7r(z (2) ) <g> x (3) for all x £ , 
we obtain that Z\ X M(£n^f) C E®Kf. This proves (2). Similarly, (2) implies 
(!)• 

Assume (2). By definition and Thm. 14.21 the restriction of the comultiplication 
of K?*#B(M*) to Kf is given by the map 

K M K M _^ (K M #i3(M ;)). 

Hence F is a right coideal subalgebra of Kf /I ^B(M*) in 

Conversely, assume (3). Let vr' = £<g)id B ( M *) : Kf#B{M*) -> B(M*). Then tt' 
is an algebra map by Eq. ( 13.2H . Let x & F . Since F is a right coideal subalgebra 
of Kf#B{M*) and (id ® 7t')^m(x) = x ® 1 for all x £ Kf, it follows that 

F ® B(M*) 3 (id K M ® 7r')9*ZWf 0*0 = ^ S^ M . )#H (b a ) ' x ® 

Since F is also an F-module, F is stable under the adjoint action • of £>(Mj). 
Since 9\A K u (F) C F <g> (Kf#B(M*)) by assumption, it follows from (E2D that 

F is a right coideal subalgebra of F"* 7 in g|j^w^3^f ■ D 

Recall from Eq. g^D that for all z 6 I and I £ f 9l : M ^ ^ 2 (M) is 
a family of isomorphisms of objects in §yv. Let B(ipf) : B(M) -> £(F 2 (M)) 
be the induced isomorphism of braided Hopf algebras in ^yT>. The following 
theorem is the key result in the proof of Thms. I6.12[ 16.151 When M is z-finite we 
will use the isomorphisms 

Kf #B(M*) BiRiiM)), 

Ff (M) #S(F i (M)*) ► B{R 2 i {M)) B(M) 

to define bijections between the right coideal subalgebras of B(M) and of £>(Fj(M)). 

Theorem 5.6. Lei M e f fl and z £ I. ^ssnme M zs i-finite. Then the 
maps af : /C(M) -> K{R i {M)) defined for all E £ K{M) by 

Qf(FnFf) ifMiCE, 

{n fm r i {B ^M ){E))B{Ri{M)i) ifM . £ Ej 
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and af l(M) : /C(Fj(M)) -> K{M) defined for all E £ K(Ri(M)) by 

^(M) (E) = [B{<p? )-\^ M) {E n Ff W )) if Ri(M)i C F, 

are bijective. More precisely, the following hold. 

(1) For all E £ /C(M), Mi C E if and only if Ri(M)i <£ af(E). For all 
E £ K,{Ri{M)), Ri(M)i C F i/and on/?/ i/Mj £ af i{M) {E). 

Proof. By Cor. 15.31 the maps <t 4 a/ and of are well-defined in the sense that 
af{E) C B(Ri{M)) for all £ £ /C(M) and erf (M) (F) C B(M) for all F £ 
JC(Ri(M)). It remains to prove (1) and that of maps /C(M) to /C(Fj(M)) 
and of maps JC(Ri(M)) to /C(M). Then the equations in (2) follow from 
Lemma 12.21 

We prove that cr^(E) £ K{Ri{M)) for all F £ /C(M), and that the part of (1) 
regarding of 1 holds. The analogous claims for erf ^ can be shown similarly. 

Let F £ /C(M). Assume first that M* C E, and let F = E n F t M . Since 
if/* is an N^-graded algebra in f|yP, F is an Ng-graded subalgebra of B(M) in 
%y>V. Further, E = FB(Mi) by Lemma^l By Lemma [53] (1)^(3), and since 
: Kf#B{Ml) -> B(Ri(M)) is an isomorphism of N^-graded Hopf algebras 
in g;V£>, we conclude that fif (F) £ /C(i^(M)). Further, i? i (M) i £ (F) by 
and since (F n F/*)_ aj = 0. 

Assume now that M { <£ E. Since B(ip?) : B(N) -> B(R?(N)) is an isomor- 
phism of N^-graded braided Hopf algebras, we conclude that Rf(M)i <(_ E and 
B{yf){E) £ K{R%{M)). Further, F, 2 (M) is f-finite. Let F = (Q* {M) )-\B(ip?)(E)). 
Then F C iff l[M) by Cor. [El Further, F is an Ng-graded subalgebra of K\ 
and a rig ht coideal subalgebra of iff W #S(F;(M)*) in %yD by the definition 
of the braided Hopf algebra structure of K^ M ^B(Ri(M)*) . By Lemma 15.51 
(3)=K1), vf{E) = FB(Ri(M)i) £ K,(Ri(M)). Clearly, Ri(M)i C af(F), and 
hence we are done. □ 

Corollary 5.7. Let M e Fg, i e I, and E 1 ,E 2 £ K(M). Assume that M is 
i-finite and that H.e 1 = 7~Le 2 - Then 'H (T m^ Ei ^ = K ff M( E2 j. 

Proof. Note that Mj = B{M) ai is irreducible in %yD. Hence Mi C Fi if and 
only if Mi C F 2 , since = H.e 2 - Assume first that M, C £i. By Lemma [2.2[ 
F; ~ (F; n Ff) ® B(Mj) as N^-graded objects in %yV for / £ {1, 2}. Hence the 
claim follows from Thm. I5\6l and (14.61) . The case Mj <£_ E\ is treated similarly. □ 
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Corollary 5.8. Let M £ T$ and let i £ I. Then JC(M) is finite if and only if 
K.(Ri(M)) is finite. In this case M is i- finite, and JC(M) and JC(Ri(M)) have the 
same cardinality. 

Proof. If M is not i-fmite, then Ri(M) = M, and hence /C(M) = K.(Ri{M)) is 
infinite by Lemma l5~4l If M is z-finite, then the claim follows from the bijectivity 
of af 1 in Thm. EH □ 

6. Construction of right coideal subalgebras 

Let 9 £ N and M = (M 1; . . . , M e ) £ T B . Let 

T e {M) = {R h ---R in (M)\ne N ,h,...,i n G I}, 
X e {M) = {r h ■ ■ ■ r in {[M\) \ n £ N , k, . . . , % n £ 1} 

where i?j and r^, % £ I, are defined in Sect. HI We say that M admits all reflections, 
if iV is z-finite for all iV £ and % £ I. This is for example the case 

if (Mi © • • • © M e )® m is semisimple in %yV for all m > 1 and the Gelfand- 
Kirillov dimension of B(M) is finite, see |HS08l Thms. I, III]. Also, Cor. 15.81 and 
the definition of Te{M) yield the following. 

Proposition 6.1. Let M £ Tq. Assume that K{M) is finite. Then M admits 
all reflections. 

Recall from [AHS08J the following crucial result. 

Theorem 6.2. [AHS08] . [HS081 Thm. 6.10] Let M £ T B . If M admits all reflec- 
tions, then C(M) = (I,Xg(M), (ri\x g (M))iei, {.A x ) x ^x B {M)) is a Cartan scheme. 

Therefore, if M £ jF e (M) and M admits all reflections, then we may attach 
the Weyl groupoid W(M) := W(C(M)) to M. Later on, for brevity we will write 
n instead of ri\ Xd {M)- 

In this section we associate a right coideal subalgebra E N {w) of B(N) to any 
N £ T e (M) and w £ Hom(W(M), [N]). 

Recall that kl £ K(N) for all N £ T 6 . By Thm. EH af 4 {N) : tC(Ri(N)) -> 
/C(A r ) is a bijection for all N ^ To and z £ I, where N is z-finite. 

Definition 6.3. Let M £ Tq. Assume that M admits all reflections. For all 
N £ F e (M), meN Q ,ii,...,i m eI, let E N {) = kl and 

E N (H, . . . ,i m ) = ^n^^nW . ..^.^W (kl) G /C(iV). 

Lemma 6.4. Lei M £ Tq. Assume that M admits all reflections. Let N £ 
J-~g(M), m £ No, and i\, . . . , i m £ I. Then E N (ii, . . . , i m ) is the unique element 
E £ K(N) with He = H E N (h ,...,i m ). 
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Proof. By Thm. 15. 6[ 



= of- '- Ji " (A ' ) • ■ ■ a»a?^ N) ■ ■ ■ af-"^ (A °(kl) = kl. 

Let £ G K(N) with H E = H E N {ilt ... tim) , and let £" = ^-i""** (JV) . . . af[(E). 

By Cor. E3 the Hilbert series of E' and of a^" 1 '"^^ ■ • • af l (E N (i 1 , i m )) 
coincide. Hence TIe' = 1, and therefore E' = kl. Thus 

£ = . . . »S-~*.<") W = »*■<»> ■ • • »£- -*"">!) = ...,(.). 

This proves the lemma. □ 

Definition 6.5. Let M G Tq. Assume that M admits all reflections. Let iV G 
Fo(M), m G N and ii,...,i m ,j e L Let T^ (JV) : B(Rj(N)) -> fi(JV) be the 
composition of the linear maps 

B(Rj(N)) -> Kf#B(N*) ^ Kf C B(iV). 

For all 1 < / < m define /3 { [JV] (ii, . . . , z m ) G rc and iV^x, . . . , i ro ) G £yD by 
.[jv] r . . s _ r 4l ([JVl) ^-^([iV]) 

iV,(ii z m ) = lf lW lJ^ lW • ■ ■ ^ i - 1 "^ 2 ^ lW (^ ( _ 1 ■ • • (N) H ) 

(where /3f (ii, . . . , z m ) = a^, and iVi(z'i, . . . ,i m ) = iViJ. 
We say that (ij, . . . , z m ) is N-admissible if for all 1 < k < m — 1 and 1 < I < 

m — k, 

a i k T Pi (lfc+1, • • • ,«m)- 

Equivalently, (z'i, . . . , z m ) is iV-admissible if and only if 

(6.1) ^(zi,...,^)^-^^,...,^) foralll<A;</<m. 

Lemma 6.6. Lei M G Tq, and assume that M admits all reflections. Let m G Mo, 
z'i, . . . ,i m G I and iV G Tg(M). Assume that (z'i, . . . , z' m ) z's N-admissible. For all 
I <l <m let (3i= p\ N] {ii, . . . ,z m ), and JV^ = JVj(ii, . . . ,i m ). Then 

(1) Pi, . . . , P m are pairwise distinct elements in Nq. 

(2) For alll < I < m, c E N (ii, . . . , i m ) is a finite- dimensional irreducible 
subobject in of degree Pi, and Np l ~ • ■ ■ R^R^^N)^ in j^yV . 

(3) For all 1 < I < m, the subalgebra k(N l 3 l ) of B(N) generated by Np l is 
isomorphic to B{Np l ) as an algebra and as an N®-graded object in ^yT>, 
where Np t has degree Pi. 

(4) The multiplication map k(7Vg m ) <g) • • ■ ® k(A 7 " i g 1 ) — > E (ii, . . . , i m ) is an 
isomorphism of "Nq- graded objects in ^yT>. 
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Proof. The cases m — 0,1 are clear since N a = N^, and E N (ii) = B{N il ) 
by Thm. 15.61 Let m > 1 and assume that (z'i, . . . ,i m ) is ^-admissible. Then 
(i 2 . . . . , i m ) is Ri 1 (iV)-admissible. To prove the Lemma for . . . , i m ) we may 
assume by induction that (l)-(4) hold for (i 2 , . . . , i m ), that is, if we define 

i? n (AT) 7i = ^ViW^V^iW . ..^^^W^ . . . R i2 R h (N) ll+1 ) 

for all 1 < Z < m — 1, then 

(a) 71, . . . , 7 m _i are pairwise distinct elements in Nq. 

(b) For aU 1 < Z < m - 1, Ri^N)^ C E^iWfo, ...,i m )C B(R h (N)) is an 
irreducible finite-dimensional subobject in ^yD of degree 7/. 

(c) For all 1 < I < m — 1, the subalgebra k(i? il (iV) 7i ) of B(R il (N)) generated 
by R^^N)^ is isomorphic to B(R il (N)^ l ) as an algebra and as an Nq- 
graded object in ^3^, where R il (N) Jl has degree 7;. 

(d) The multiplication map 

k(i? tl (iV) 7m _ 1 ) ® ■ • • <g> k(A tl (iV) 7l ) - ^^fe . . . ,i m ) 

is an isomorphism of NQ-graded objects in %yD. 
By Definition 16.31 

By assumption, 7^ 7/ for all 1 < Z < m — 1. Hence by degree reasons it follows 
from (d) that R h (N) il <f_ E Ri ^ N \i 2 ■ . ■ ,i m ), since by (b) R h (N) ll has degree 7/ 
for all 1 < I < m — 1, and j x , . . . , 7 m _i G Nq by (a). Then 

^ W (^W(i 2) . . . , z m )) = K)- 1 ^ ™(i 2) . . . , i m ))B(N h ), 

and (^^(^i^'fe,...,!™)) C by Thm. ESJ Thus the multiplication 
map 

(6.2) (nf)- 1 ^ <">(i 2 , . . . , z m )) ® B(JV 4l ) -> £^1, . . . , z m ) 

is bijective. Moreover the restriction of the map j^ 1 ^ to E Ri ^ N \i 2 , . . . , i m ) is 
the restriction of the algebra isomorphism (f2^) _1 . Therefore we obtain from (d) 
that the multiplication map 

M^^toi W*.-J> ® • • • ® HT^iR^N)^)) - 

^W(^W(z 2 ,...,i m )) 

is bijective. Since T^ l(N) (^(JV)^) = JV A+1 for all 1 < Z < m - 1, (4) follows 
from the bijectivity of the map in Eq. (16. 2p . 



RIGHT COIDEAL SUBALGEBRAS OF NICHOLS ALGEBRAS 



31 



Note that s£ l([JV1) (7 ( ) = A+i for all 1 < / < m - 1. By (gSJ the subspace 

T^i^N)^) = (n^-'iR^N)^) = N Pl+1 of B(jV) has degree A+i for all 
1 < / < m — 1. By definition A r ( g 1 = TV^ has degree j3\ = a^. It now follows from 
(4) that j3i G Nq for all 1 < I < m. Thus (1) holds by the characterization of 
7V-admissibility via Eq. (16. ID . Finally, (2) and (3) follow from (b) and (c) since 
(f^)" 1 is an algebra isomorphism in #3^, and the change of grading is given 
by (Q)| . □ 

Lemma 6.7. Lei M G JFg, and assume that M admits all reflections. Let m G Nq, 



i u ...,i m El and N G ^(M). For alll <l <m let ft = ^f\k, 

(1) Lei j G I and assume that ctj ^ . . . , f3 m } and that (ii,...,i m ) ^ s 
N -admissible. Then (j, i±, . . . , i m ) is Rj(N)-admissible. 

(2) Assume that ctj G . . . , /3 m } /or a// j G I and i/iai . . . , i m ) zs iV- 
admissible. Then E N (ix, . . . , z m ) = B(N) . 

(3) Assume that C(M) is the Cartan scheme of a root system. Then (ji, . . . , i m ) 
is N -admissible if and only ifidtms^ ■ ■ ■ Sj m is a reduced expression. 

Proof. (1) holds by definition, and (2) follows from Lemma 16.61 (2) since Nj C 
E N (ii,..., i m ) for all j el implies that E N {i u ..., % m ) = B(N). 

Suppose in (3) that (h, . . . ,i m ) is iV-admissible. Then idjjyjs^ • ■ ■ Si m is a re- 
duced expression by Lemma 16.61 (1) and Prop. II .91 Conversely, suppose that 
id[jv]Sii • • • s im is a reduced expression. Then . . . , j3 m are pairwise distinct ele- 
ments in Nq by Prop. II .41 Hence (ii, . . . , i m ) is ^-admissible. □ 

We recall a notion from [HS08J . 

Definition 6.8. Let N G Tq. Then the Nichols algebra B(N) of N is called 
decomposable if there exist a totally ordered index set (L, <) and a family (Wi)i e L 
of finite-dimensional irreducible Ng-graded objects in ^yT> such that 

(6.3) B(N) ~ <&1(zlB(Wi) 

as Ng-graded objects in j^yD, where deg Ni — cti for 1 < % < 9. 

In such a decomposition the isomorphism classes of the Yetter-Drinfeld modules 
Wi and their degrees in Nq are uniquely determined by [HS081 Lemma 4.7], and 
we define the positive roots A^ and the roots A^ of [N] by 

Af = {deg(H/ z ) | I G L}, 
AM = A|f ] U-A|f ] . 

In |HS08j we showed 
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Theorem 6.9. |HS08[ Thm. 6.11] Let M G Tq and assume that M admits all 
reflections and that B(M) is decomposable. Then B(N) is decomposable for all 
N G Fo{M), and 1Z{M) = (C(M), (A x ) XeXg ( M) ) is a root system of type C(M). 

Corollary 6.10. Let M G Tq and assume that M admits all reflections and that 
B(M) is decomposable. Let N G T e {M) and A G A [ + ]re . 

(1) There is exactly one /(A) G L with A = degWj(A) in 1 16. 3ft . 

(2) Let P G Tq{M), w = idfjvjs^ ■ • • Si m G Hom([P], [N]) be a reduced expres- 
sion and i G I such that w((Xi) = A. Let N x = N m+ i(ii, . . . , i m , i) C B(N). 
Then degiV A = A, W m ~ P* ~ N x in %yV, and k(N x ) = B{W m ) as 
algebras and Nq- graded objects in %yD. 

(3) Let j G I, fi = sf (A), Q = Rj(N), and assume that A ^ ctj. Similarly 
to N x in (2), define Q M using a reduced expression of an element w' G 
Hom( W(M), [Q]). Then N x ~ in %yV. 

Proof. (1) is shown in [HS081 Lemma 7.1 (1)], and in (2), W m ^ Pi by [HSM 
Lemma 7.1 (2)]. Since id^s^ • ■ • Si m is a reduced expression, (ii, . . . ,i m ) is N- 
admissible by Lemma [6.71 (3). Then (ii, . . . ,i m ,i) is iV-admissible: Indeed, A = 
^m+i(h, ■ ■ ■ , im, i) G Nq, and hence it differs from all — @\ ■ (ii, . . . , « m , i) with 
1 < I < m by Lemma \6. 61 (1). The remaining part of (2) follows from Lemma IBTBl 
since P~R im ---R il {N). 

Now we prove (3). Since A ^ aj, /i G A^ re , and hence Q M can be defined. By 
(2), is independent of the choice of w' . Hence we may choose w' = SjW. Then 
(2) yields that N x ~ P { and ~ P in g^P, which proves the claim. □ 

In the next lemma, which will be needed for Thm. I6.12[ we follow the notation 
in Cor. 16. 10L For each A G A^ rc we choose w x G Hom( W(M), [N]), a reduced 
expression id^s^ • ■ ■ s Jn of w x , and i G I such that w x (ai) = A. Then we define 

(6.4) N x = N n+1 ( 3l ,..., 3n ,i)cB(N). 

By Cor. 16.101 the isomorphism class of N x G %yD does not depend on w x and i. 

Lemma 6.11. Let M G Te and N G J z e{M). Assume that M admits all reflec- 
tions and that B(M) is decomposable. Let m G No, ix,...,i m G I. T/ien t/iere 
exists an isomorphism 

E N (i 1 ,...,i m )~ ® B(N X ) 
of'NQ-graded objects in ^yD. 

Proof. We proceed by induction on m. Since P^O = kl, the claim holds for 
m — 0. 
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Assume now that m > 0. Let P = Ri t (N), and assume that 

(6.5) E := E p (i 2 ,...,i m ) ~ ® B(P A ). 

AeAf ] (i 2 ,...,i m ) 

Case 1: ^ A^'^, • • • , Then P^ <f_ E by degree reasons, and (fi^) _1 (P) C 
by Cor. El Hence 

E N (i u . . . , i n ) = af^E) =(nf i r 1 (E)B(N tl ) ~ ( ® B(P A )) ® B(N h ) 

v AeA!f ] (i 2 ,...,i m ) 7 

in #3^P- Here the first two equations follow by definition, and the isomorphism 
is obtained from Lemma 12.21 and since (f2^) _1 is a morphism in ^yD. Now, 
deg P A = s£(A) for all A G A[f ] (i 2 , • • • , v) by gl]). Further, A sf(A) ~ P x in 
by Cor. 16.101 (3). Thus the claim follows from Lemma [1.81 
Case 2: a h G Ap(i 2 , • • Then E ~ (E (1 K?) <g> B(P;J as Ng-graded 

objects in #3^ by Lemma [2.21 and hence 

(6.6) EnK?- ® B(P A ) 

as Ng-graded objects in #3^P by Eq. ( 16. 5ft and |HS081 Lemma 4.8]. Therefore 
E N (i 1 ,...,i n )=a^{E!)=B(^)- 1 (Q^(EnKO) * ® B(P A ) 

AeA!f 1 (i2,...,im)\{ai 1 } 

as Np-graded objects in #3^, where deg Pa = s[(X), see (14.61) . Indeed, the first 
two equations hold by definition, and the isomorphism follows from Eq. ( 16. 6ft and 
since Qf and B(y9^) are morphisms in ^yD. By Cor. 16.101 (3) we may replace 
P\ by N s p ( A ) , and then the claim follows from Lemma 11.81 □ 

Theorem 6.12. Let M G Tq, and assume that M admits all reflections and that 
B(M) is decomposable. Let A G T e [M). Then for all w G Hom( W(M), [A]) the 
right coideal subalgebra 

E N (w) = E N (i u ...,i m )cB(N), 

where m > and 1 < h, ■ ■ ■ ,i m < 9 such that w = id^js^ • • ■ s im , is independent 
of the choice of i\, . . . ,i m - The map 

h n : Hom(W(M), [A]) -> /C(A), w i-> P^w), 

infective, order preserving, and order reflecting, where the set of morphisms 
Hom( W(M), [A]) is ordered by the right Duflo order and right coideal subalgebras 
are ordered with respect to inclusion. 
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Proof. To prove that x N is a well-defined map, assume that w = idims^ ■ ■ ■ Si m = 
id^syj • • -s jn in Hom(W(M), [N]), where 1 < i u . . .,i m ,ji, ■ ■ ■ jn < 0, m, n > 0. 
By Prop. [L9| A{j!^(ii, . . . , i m ) = A+^(ji, . . . , j n ). Hence by Lemma [6.111 the 
Hilbert series of E . . . ,i m ) and of E N (ji, . . . ,j n ) coincide, and by Lemma 

aE N (i 1 ,...,i m ) = E N ( Ju ...,j n ). 

Let w,w' G Hom( W(M), [N]) with E N (w) = E N (w'). Then A l + ] (w) = 
A^(w') by Lemma \6. Ill and [HS081 Lemma 4.7]. Therefore w = w' by Prop. IT791 
Thus k n is injective. 

By Thm. 11.131 k n is order preserving and order reflecting if and only if the 
following are equivalent for all wi,w 2 G Hom(VV(M), [N]). 

(1) E N ( Wl ) C E N (w 2 ), 

(2) ( Wl ) c Af (w 2 ). 

To prove the equivalence of (1) and (2) we proceed by induction on £(wi). If 
Wi = idjjv], then E N (wi) = kl, A^(wi) = and hence (1) and (2) are both 
true. If £(wi) = 1, then w\ = for some i G L Then A+(w{) = cti 

and E N (w\) = B(Ni). Hence (2) is equivalent to (1) by Lemma 16.111 since if 
Ni C E N (w 2 ), then E N (w 1 ) = B(Ni) C E N (w 2 ). Assume now that l[v}^) > 1. 
Let i G I with £(u>i) = + 1 for = sfwi. Then 

(6.7) a.GAfK) 

by Cor. 11.101 Therefore Lemma [1.81 implies that (2) holds if and only if 

(6.8) a i eAf i (w 2 ) and A r f N] \s^w 1 )cA r f N] \s^w 2 ). 

Since a, = A!^(s£ ), the induction hypothesis gives that the relations in 
(16781) are equivalent to iVj C E N (w 2 ), £^ (JV) (sf wi) C S^WfajVO- Since 
iVj C E N (wi) by Lemma EIH and by flBTTjl . the latt er is equivalent to (1) by 
Thm. EE □ 

Corollary 6.13. Let M G Tq, N G J z q{M), and assume that M admits all 
reflections and that B(M) is decomposable. Let wi,w 2 G Hom(W(M), [N]) with 
E N (w\) C E N (w 2 ). Then there are m,n G No, m < n, and i±, . . . ,i n G I such 
that wi = idjjvjSjj • • • Sj ro and w 2 = id^js.^ • • • Sj n are reduced expressions. Let 

A = A • • = ^ifaj ■ ■ ■>*») 

/or all 1 < I < n. Then 

(1) For all 1 < I < n, C B(N) an irreducible finite- dimensional subob- 
ject in ^yV of degree A, and j3k ^ A for all k ^ I. 
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(2) For all 1 < / < n, the subalgebra k(Np t ) of B(N) generated by Np t is 
isomorphic to B(Np l ) as an algebra and as an N®-graded object in ^yD, 
where Np l has degree (3i. 

(3) The multiplication maps 

k(Np n )®---®k(Np 1 )^E N {w 2 ) 1 
HNp m )®---®k{Np 1 )^E N {w l ) 

are bijective. In particular, E N (w2) is a free right module over E N (w\). 

Proof. By Thm. 16.121 w\ <e> w 2 - Hence by definition of the Duflo order, any 
reduced presentation W\ = id^s,^ ■ ■ ■ s im of Wi can be extended to a reduced 
presentation w 2 = idrjvjs^ • • ■ s im ■ ■ ■ s in of w 2 . Then (1),(2) and (3) follow from 
Lemma 16.61 and Lemma 16.71 (3) . □ 

The following results generalize properties of commutators and coproducts of 
PBW generators of quantized enveloping algebras. 

Theorem 6.14. Let M G Tq, N G J r o(M), and assume that M admits all 
reflections and that B(M) is decomposable. Let n G No, ii,...,i n G I, and 
w = id[ N ]S h ■ ■ ■ s in G Hom( W(M), [N]) such that £(w) = n. For all 1 < I < n let 
ft e A [Ar] rc and N 0l C B(N) as in LemmatfTB Then in E N (w) 

(6.9) xy - (£(_!) • y)x {0) G k(iV ft _ 1 )k(iV fl _ 2 ) • • • k{N Pk+1 ) 
for alll<k<l<n,xE Np h , y G Np t , and 

(6.10) A B{N) {x) - x (8) 1 G k(iV fl _ 1 )k(iV /3i _ 2 ) • • .k(N Pl ) ® B{N) 
for all 1 < / < n, x G Np l . 

Proof. By Cor. 16.131 and the definition of the N Pl , for the proof of Eq. (16. 9p it is 
enough to consider the case k = 1, / = n. In that case 

xy - (x ( _d • y)x (0) = (adx)(y) G K? n E N (w) = k(iV^)k(iV^_ 1 ) • • -k(iV ft ), 

since y G K£ and x G N i± . Further, deg (adx)(y) = Pi + (3 n . But j3 m ^ (3\ = 
for all 2 < m < n, and hence (&dx)(y) has no summand with a factor in k.(Np n ). 

Now we prove Eq. flBTTOl) . Since E N {w') G K(N) for all w' G Hom(>V(M), [N]), 
by Cor. 16.131 it suffices to consider the case I = n. Since A B ^ N ) is Np-graded and 
B(N) is a connected coalgebra, (that is z G B(N), degz = implies that z G k,) 
the claim follows by degree reasons. □ 

Theorem 6.15. Let M G Tq. Then the following are equivalent. 
(1) K{M) is finite. 
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(2) M admits all reflections and the length of N- admissible sequences, where 
N G Tg{M), is bounded. 

(3) M admits all reflections and A[ M l rc is finite. 

Assume the equivalent conditions (1) - (3). ThenB(M) is decomposable, 1Z(M) = 
(C(M), (A Xrc )xex g (M)) is a finite root system of type C(M), and for all N G 
J-'g(M), the map 

h n : Hom(W(M), [N]) -> )C(N) 

is bijective. 

Proof. Assume (2), and let t G N such that t > m for all N G J z q{M) and all 
TV-admissible sequences . . . , i m ). We prove (1), (3) and the second half of the 
theorem. 

Suppose an m-tuple . . . , i m ) of elements in I is P-admissible for some P G 
J-'g(M). If there exists an element j G I such that ctj ^ ft\ P \ii, . . . ,i m ) for all 
1 < I < m, then (j, ii, . . . , i m ) is i?j(P)-admissible by definition, and t > m + 1. 

Let N G Tg{M). By the previous paragraph, there is a largest integer m > 1 
such that there is a P-admissible sequence (i m , . . . , i\) with P = R im ■ ■ ■ (N). 
Hence E p (i m , . . . ,i±) = B(P) by Lemma [6.71 (2), and by Lemma [6.61 there is an 
isomorphism of Ng-graded objects in ^yT> 

(6.11) S(P 7 J®..-®£(P 71 )-S(P), 

where 71, . . . , j m are pairwise distinct elements in Nq. This means that the Nichols 
algebra of P is decomposable. Hence B(M) is decomposable by [HS081 Lemma 
6.8], and the root system TZ(M) exists by Thm. 16.91 Moreover 1Z(M) is finite, 
and for all objects X G X e (M), 2m=\A Xrc \ and m = \A Xre \. This proves (3). 

We note that id[pjs im ■ ■ ■ is a reduced expression by Lemma UTTl (3). There- 
fore the inverse id^js^ • • • s im is a reduced expression. It cannot be extended 
to a reduced expression id^^jsjs^ • • • s im , 1 < j < 9, by Lemma [6761 (1) 
since m = |A^^ re |. Thus by Lemma 16.71 (1).(2). E N (wq) = B(N), where 
w = id[ N ]S h ■■■s im . 

By Thm. 16.121 x N is injective. To prove surjectivity of x N , let E G K,{N). Let 
w G Hom( W(M), [N]) be a shortest element such that E C E N (w). Such a w 
exists, since TZ(M) is finite, hence Hom(W(M), [TV]) is finite by Lemma [1.21 and 
E C E N (w ) = B(N). We prove by induction on £(w) that E = E N (w). 

Assume first that £(w) = 0. Then kl C E C P^id^]) = kl and hence 
E = E N (id [N] ). 

Assume now that £(w) > 0. Then E 7^ kl by the minimality of w. By 
Lemma [5.11 there exists i G I such that iVj C E. Then iVj C E N (w), and hence 
w = Si^'w' by Cor. 16.131 with wi = s^ N ^ and w 2 = w, where w' = s x w and 
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e(w) = £(w') + 1. Further, af{E) C af(E N (w)) = E R ^ N \w') by Thm. 15^1 
Hence 

af{E) = E R ^ N \w") 
for some w" G Hom(VV(M), Tj([iV])) by induction hypothesis. Thus 

E = a^ N \af{E)) = <xf (n \e r ^ n \w")) = E N (s t w"). 

Hence k n is bijective. In particular, k m is bijective. Therefore (1) holds since 
Hom(W(M), [M]) is finite by Lemma O 
Finally we prove (1) (2) and (3) (2). 

Assume (1) and let t = #(/C(M)). First, M admits all reflections by Prop. 16.11 
Hence #(/C(M)) = #(/C(iV)) = t for all N G F (M) by Cor. EU It follows from 
Lemma 16.61 (4) that for all N G J-"g(M) the length of iV-admissible sequences 
(«!,..., i m ) is bounded by t since E N (i ly . . . , i k ) ^ E N (ix, . . . for all k, I with 
1 < k < I < m. 

Assume (3). Let t = #(A A/rc ). Since the Weyl groupoid is connected it follows 
that #(A Mrc ) = #(A 7Vrc ) = t for all N G Tg(M). By Lemma EH the length of 
admissible sequences is bounded by t. □ 

Corollary 6.16. Let M G Assume that M admits all reflections and that 
A^ IC is finite. Then B(M) is decomposable andTZ(M) = (C(M), (A Xvc ) x ^x (M)) 
is a finite root system of type C(M). Let w G Hom(W(M), [M]) be a longest ele- 
ment. Let m = £(w) and let w = id^s^ ■ • • Si m be a reduced decomposition. For 
each I G {1, . . . , m} let G A+ and Np t C B(M) as in Lemma \6. (A Then for 
each I G {1, . . . , m} the identity on Np t induces an isomorphism k.(Np t ) ~ B{Np l ) 
ofN^-graded objects in ^yD, where Np t has degree fy. Further, the multiplication 
map 

HNpJ ® • • ■ <g> k(Np 2 ) ® k(%) -> B(M) 
is an isomorphism of N^-graded objects in ^yD. 

Proof. The first claim is proven in Thm. 16.151 The rest follows from Lemma 16.61 
and Lemma 16.71 (3). □ 

Corollary 6.17. Let M G Tq. Assume that M admits all reflections and that 
^[M]re £ S ji n if e _ Then there exist order preserving bijections between 

(1) the set of Ny-graded right coideal subalgebras of B(M)#H containing H, 

(2) the set of N^-graded right coideal subalgebras of B(M) in ^yD , 

(3) Hom(>V(M), [M]), 

where right coideal subalgebras are ordered with respect to inclusion and the set 
Hom( W(M), [M]) is ordered by the right Duflo order. 
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Proof. See Thm. 16.151 for the bijection between (2) and (3) and Prop. 12.31 for the 
bijection between (1) and (2). □ 

Remark 6.18. Assume that W(M) is standard, that is, for each N G J z g{M) we 
have afj = af- for all i,j G I. Then Hom( W(M), [M]) can be identified with the 
Weyl group W of g, see |CH09l Thm. 3.3(1)]. 

7. Right coideal subalgebras of U-° 

In this section we are going to establish a close relationship between the maps 
Tj M ' , see Def. I6.5[ and Lusztig's automorphisms T a of quantized enveloping 
algebras. Let g be a finite-dimensional complex semisimple Lie algebra and let 
LT be a basis of the root system with respect to a fixed Cartan subalgebra. Let 
W be the Weyl group of g and let (•, •) be the invariant scalar product on the 
real vector space generated by LT such that (a, a) =2 for all short roots in each 
component. For each a G LT let d a = (a,a)/2. Let U = U q (g) be the quantized 
enveloping algebra of g in the sense of |Jan96l Ch. 4]. More precisely, let k be 
a field with char(k) 7^ 2, and if g has a component of type G2, then assume 
additionally that char(k) 7^ 3. Let q G k with q 7^ and q n 7^ 1 for all n G N. As 
a unital associative algebra, U is defined over k with generators K a , K~ l , E a , F a , 
where a G LT, and relations given in |Jan96| 4.3]. By |Jan96[ Prop. 4.11] there is 
a unique Hopf algebra structure on U such that 

(7.1) A(E a ) =E a ® 1 + K a ® E a , e(E a )=0, 

(7.2) A{F a ) =F a K- 1 + 1 ® F Q , e(F„) =0, 

(7.3) A{K a ) =K a ® e(K a ) =1. 

For all m G N, « G n let q a = q d ^ [m] a = (C - q~ m ) / ^(g Q - g" 1 ) , [m]J, = 

and Ei m) = ^/[m]^, Fi rn) = F?/[m] l a . By |.Tan96l 8.14] there exist unique 

algebra automorphisms T a , a G LT of U such that 



(7.4) 


T a {K a ) 




T a {K p ) 




(7.5) 


T a {E a ) 


— — F K 


T a (F a ) 




(7.6) 


T a (E p ) 


=&d(E ( - a ^)E p , 




= f^i-qjF^F^Ft^ 



i=0 



a 7^ j3, where ad denotes the usual left adjoint action of U on itself. 

As in |Jan96t 4.6,4.22], let U + and U-° be the subalgebras of U generated by 
the sets {E a \ a G LT} and {K a , K~ l , E a \ a G LT}, respectively. 

Recall that U+ G % o yV via the left action adj^o and left coaction 

S(E ai ■ ■ • E ak ) = K ai ■ ■ ■ K ak <g> E ai ■ • • E ak , k G N , a u . . . , a k G LT. 
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Identify now II with I = {1, . . . , 6}, where 9 = #11 is the rank of g. Let a £ II. 
Following the notation in Sect. H]we obtain that M = (kEp)p^u £ Tg and that 
R a (M) = (R a (M)p)p en G T 9 , where 

'k&d(E ( ~ aal3) )Ep if/3^a, 
tE a )* if (3 = a. 



(7.7) R a {M) 



(7.8) $ a {E i 



Let $ a : Mi © ■ ■ • © M e -> R a (M) 1 © ■ ■ • © R Q (M) e , 

' ad(E { a aa0) )Ep HP^a, 

(q^-QaY'K a (3 = a 

for all /3 £ II, where £ (k£ a )* such that E*(E a ) = 1. Note that 

(7.9) S(-& a (E p )) = KpK~ aap © 'dai.Ep) for all a, /? £ n. 

In particular, [M] 7^ [i? a (M)] in Ag. Nevertheless t? Q is an isomorphism of braided 
vector spaces. Indeed, the braiding c satisfies 

c(Ep © Ey) =zd(Kp)E^ ®Ep = g (/3 ' 7) £ 7 © Ep, 
c{<d a {Ep)®d a {E,)) =&d{KpK- a ^)d a {E,)®d a {Ep) 

for all /?, 7 £ II because of the W^-invariance of (■,■)• Hence B(i? a ) : B(M) — ► 
B(R a (M)) is an isomorphism of Ng-graded algebras and coalgebras. 

Proposition 7.1. Lei a £ IT. Let i a : K^fifB(M*) ^ U be the linear map with 
L a {x#{E*) m ) = (q~ l - q~ 3 ) m x{E a K a ) m for all x £ K% , m £ N . Then i a is an 
injective algebra map, and the following diagram is commutative. 

B(M) = U + U 

(7.10) »(*«) 

B{R a {M)) — — r K?#B(M$ 

Proof. We first prove that u a is an algebra map. By definition, i a \K M #i an d 
L a\i#B(M*) are algebra maps. By Prop. 14.11 (i), the algebra K^f is generated by 
the elements ad(E^)Ep, f3 £ IT \ {a}, < n < —a a p, and the algebra B(M*) is 
generated by E* a . Further, 

d L El {zd{E^)Ep) =E* a ad(E^)Ep - (ad(E^)Ep)(K- n K^ ■ E* a ) 
=E* a ad(E^)Ep - q( na+f3 ' a \ad(E^)Ep)E* a 
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for all G n\ {a} and < n < -a a(i by Eq. where d|*(x) = (£*, x (1) )x (2) 

for all x G K™. By |,Tan961 8A.5(2)] we obtain that d^{Ep) = and 

^(ad^))^) =gr 1 (l - g- 2{ -^- n+1) )ad(^"- 1) )^ 

for all P G n \ {«} and 1 < n < -a aP . Since F a K a E p = q^E p F a K a for all 
/3 G II \ {a}, it suffices to prove that the following relations hold in U. 

q«-\l - q- 2{ - a ^- n+1) )ad(E^)Ep 

= (C 1 - q- 3 )(F a K aa d(E^)E p - q^^ a \&&{E^)E p )F a K a ), 

where j3 G II \ {a} and 1 < n < —a a p. The latter equations follow from |Jan96j 
8.9 (2)]. 

The injectivity of i a follows immediately from the triangular decomposition of 
U . Since all maps in the diagram (17.101) are algebra maps, it is enough to check 
that the diagram commutes on the algebra generators Ep, (3 G II, of U + . This 
follows directly from the definitions of the maps involved. □ 

Remark 7.2. Prop. [7J] implies that the PBW basis of U + given in |Jan96l Thm. 8.24] 
coincides with the PBW basis in Cor. 16.161 Let us indicate a proof. 

First observe that W(M) is standard, since M is a Yetter-Drinfeld module of 
Cartan type [AHS081 Rem. 3.27]. This means that for each A" G JF 9 (M) we have 
= ajf for all i,j G I. Hence Hom(>V(M), [M]) can be identified with the Weyl 
group W of g, see |CH091 Thm. 3.3(1)]. 

Let a,/5,7 G II such that £(s Q s ( gs 7 ) = 3. There exists a commutative diagram 

B{M) 

B(Hy(M)) ^ > B(M) 

B{R 1 R p {M)) -l > B(M M )) — ► B ( M ) 

B(l?a) 

B{R^RpR a (M)) -1 ► B(RpR a (M)) ► B(R a (M)) -± > B(M) 

such that the unlabelled vertical arrows are isomorphisms of Ng-graded algebras 
and coalgebras. The existence of such maps can be concluded by considering 
To as a category, where morphisms between M, N G Te are bijective maps / : 
Mi © • • • © M —> Ni © • • • © N preserving the braiding and satisfying /(Mi) C N { 
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for each i El. Then Ri : Tq — > Tq becomes a functor, and for example the vertical 
arrow left to &{Qp) is just B(R 1 ( , dp)). The PBW generators of £>(M) constructed 
in Cor. 16.161 arise as images (at the lower right corner) of appropriate generators 
of the Nichols algebras in the lower line. Similarly, the PBW generators of B(M) 
arise by applying the maps T a , Tp, . . . appropriately to the algebras B(M) at the 
diagonal. Then Prop. 17.11 gives that the images obtained this way coincide. 

Let w be an element of the Weyl group W, let m = £(w), and let s ai • ■ ■ s am 
be a reduced decomposition of w. Recall from |Jan96l 8.24] that £/ + [u>] C U + is 
the linear span of the products 

(7.11) Efc--.EgEg, ai ,...,a m GN , 

where Ep l = T ai ■ ■ ■ T Q!i _ 1 (£' Q!! ) for all 1 < I < m. 

Theorem 7.3. The map x from W to the set of right coideal subalgebras of U-° 
containing U°, given by k[w) = U + [w]U°, is an order preserving bisection. 

Proof. Subalgebras of U-° containing U° are Ng-graded by the non- degeneracy of 
(•, •) and since q is not a root of 1. Thus the claim is a special case of Cor. 16.171 
see also Rem. 16.181 for the interpretation of W and Rem. 17.21 for the equality of 
the PBW generators in (17. lip and in Cor. 16.161 □ 

Remark 7.4. In view of Cor. 16.171 the claim of Thm. 17.31 holds also for multipa- 
rameter deformations of g if q a is not a root of 1 for all a E II. Similarly, if q a is 
a root of 1 for all a G II, then the claim of Thm. 17.31 holds for the (multiparame- 
ter version of) small quantum groups, if we restrict ourselves to N[j-graded right 
coideal subalgebras. 
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